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MATHEMATICAL MODEL OF WHEELSET OSCILLATIONS WITH
INDEPENDENT WHEEL ROTATION IN THE HORIZONTAL PLANE

Purpose. The work is devoted to the study of horizontal oscillation and the assessment of the motion stability of
a single wheelset with independent wheel rotation, and to the comparison of stability indicators of the typical wheel-
set and the wheelset with independent wheel rotation. This is connected with the necessity to increase traffic speed
of rolling stock, improve road safety and comfort of passengers. Methodology. To achieve this purpose we used the
methods of mathematical simulation of railway rolling stock dynamics, as well as the linear algebra methods to as-
sess the stability of solutions of the linear homogeneous differential equations. Findings. To solve the set task the
design model of a single wheelset with independent wheel rotation was created. The wheelset is not a single solid
body; each of the wheelset axles has a surplus degree of freedom. Thus, we obtained the system with 4 degrees of
freedom. The design model allowed to obtain the system of linear homogeneous differential equations describing
the oscillations of the represented wheelset in a horizontal plane on a straight track section. On the basis of the com-
puter modeling were calculated the eigenvalues of the differential equation system coefficients and the asymptotic
stability analysis of the wheelset motion with independent wheel rotation. The increment and the frequency of fluc-
tuations were compared with similar indicators for the standard wheelset. The authors also discussed non-oscillatory
forms of the wheelset motion and the issues of wheelset self-centering on the track. Originality. The result of the
work is the mathematical model of the sinuous movement of a single wheelset, in two-dimensional formulation,
with independent wheel rotation and the estimate of the dynamic indices during its motion on a straight track section
without any irregularities. There were also proposed the ways to ensure the self-centering on the track of the wheel-
set with independent wheel rotation. Practical value. The developed mathematical model of the single wheelset
motion with independent wheel rotation can be used to create the advanced designs of railway running gear of cars.

Keywords: wheelset; sinuous movement; independent wheel rotation; horizontal oscillations; rolling stock; mo-
tion stability

Introduction makes lateral and rotational movements around its
vertical axis. The conical wheel bearing surface
causes the alternate lead of one wheel in relation to
the other, herewith the geometric center of the
wheelset axle deviates from the track central axis
and at the same time the wheelset axle is rotated
from the perpendicular to the track center position
[6, 9, 10, 13]. So during the motion the wheelset
traces out a complex wavy trajectory. This motion
was first described in 1883 by Klingel [3]. In this
regard, at high speed the train becomes unstable,
there are lateral oscillations and the motion quality
becomes unsatisfactory. There is a danger of de-
railment.

During movement along the track the car com-
ponents perform complex oscillations. These oscil-
lations are caused by dynamic forces and by the
track irregularities, gaps on the rail junctions,
wheel bearing surface conicity, as well as the ir-
regularities on wheel bearing surface, variability of
physical properties of track and wheelset materials,
spring suspension type, changes of car speed, etc.
[1, 2, 4, 5]. This paper examines in detail the oscil-
lations caused by wheel bearing surface conicity.

Analyzing the movement of the wheelset on the
rail track it is not difficult to see that it moves not
only progressively along the track axis, but also
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Purpose

The purpose of the work is to study horizontal
oscillation and to assess the motion stability of
a single wheelset with independent wheel rotation,
as well as to compare the stability indicators of the
typical wheelset and the wheelset with independent
wheel rotation.

Methodology

To achieve this purpose we developed the de-
sign model and composed the mathematical model
describing the oscillations of a single wheelset
with independent wheel rotation and in a horizon-
tal plane. After that we analyzed the asymptotic
solutions stability of linear homogeneous differen-
tial equations describing the oscillations of a single
wheelset with independent wheel rotation in a hor-
izontal plane on a straight track section.

Findings

The wheelset consists of two wheels firmly
fixed on the relevant axle shafts. The axle shafts
are connected with bearing units. Thus the wheel-
set may be represented as a single solid body, but
the axle shafts can be rotated in a longitudinal
plane on each other (have surplus degree of free-
dom). In the proposed mathematical model of the
single wheelset motion, the friction in the bearing
unit is ignored. To describe the motion of the
wheelset with independent wheel rotation on the
straight track section, we should calculate the rail-
wheel interaction forces. In 1926, F. Carter found
that the tangential force of contact wheel-rail inter-
action is proportional to the relative slip (creep) of
the contacting bodies [3, 7, 8, 11]. The tangential
force projections onto the longitudinal and trans-
versal axis are, respectively:

X; =—ke,
(1

where ¢, ¢, — relative ship towards x-axis and y-
axis, respectively; k — creep coefficient (according
to Carter’s hypothesis we consider that the propor-
tionality coefficients between longitudinal slip and
longitudinal force and between lateral slip and lat-
eral force are equal).

Design model of wheelset with independent
wheel rotation is shown in Fig. 1.

Fig. 1. Design model of wheelset
with independent wheel rotation

The wheelset with independent wheel rotation
moves at a speed V. According to the above design
model (Fig. 1) the wheelset position is determined
by the lateral swaying y, the hunting angle v, and
the additional angle of rotation of each of wheelset
axle shaft in the longitudinal plane ¢;, ¢, so the
angular velocity of each axle shaft is:

V/r+('pi.

Thus, we consider a system with four degrees
of freedom. We accept that the hunting angle of the
wheelset is small enough. The relative slip €y, €,
can be determined by the formulas:

Sxi :nxi/V’
& =Ny/V

where 7., 1, - slip velocity at the wheel-rail con-
tact points;

The slip rate is determined as the difference be-
tween the rail and the wheel speeds:

n, =[V+d1w—<r—uy)<§+¢1)]

. Vo
nﬂ=W+%w—U+m%7+%ﬂ
Ny =y-yV

(1) Ny, =y-—yV

where L — wheel tread grade; » — rim radius on neu-
tral axis.
The relative slip is:

1 .
= 1V = (r - )

v W ey

V.
X(—+¢,)] =
(r ¢)] v p 7
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1 ) Vo
€2 ZV[V_dl\V_(’”"'Hy)(?"‘(Pz)]:

dy W

1. y
e, =—[p-yV]==-—
) V[y\v]V\v

.. Y
€, =—[y—yV]==-
2 V[y 74 ;Y
Herewith we ignore the summand py, , given

that it is by several orders of magnitude smaller
than the others.

Let us substitute the slip expressions into the
formula 1 and we obtain the expression:

X, = kdy _kwy kg,

14 r vV
x, kv k| ko,
Vv r 14
ky
y :kW—7
ky
Y :k\ll—7

Then the principal moment acting on the verti-
cal axis is:

Mz :del_XZdl =

2kd>y  2kd ked, . .
_ v 1Hy+ 1((P1_(P2)
|4 r |4

The principal vector in the transversal direction
is equal to:

Y:Y1+Y2:—2§y+2k\y

The moment acting transversely on the axle
shafts respectively:

krd Ny kr*¢
M, =-Xr=—T"+kuy-——L
¥l 1 % 1y %
krd Ny kr*¢
M, =-Xyr=—""C—fpy——>2
»2 2 % |94 %

The motion equations:

[zws‘:l.j :Mz’
mWSj} — Y,

wsas :- (2)
[y (Pl = Myl >

wsas s~ __
[y (Pl_MyZ'

The resulting system of equations describes the
motion of a single wheelset on a straight track sec-
tion.

To assess the stability of the motion of the sin-
gle wheelset with independent wheel rotation, we
write the equation 2 in matrix form:

MG+ Fg+Kqg=0 3)
where ¢ — BeKTOp 0000IIIEHHBIX KOOPIUHAT.

y
\
¢
¢,

q:

M — matrix of inertial coefficients;

n.kn
I,

n.xn
Iy

F — matrix of damping coefficients;

2
ek 2d}  —dpr dr
14 —~dr 7
dr r?

K — coefficient matrix of the movements;
-2
2pd,
K=k r
—u
u

To determine the eigenvalues of the coefficient
matrix the system of equations 3 can be written as:
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G =-M"'[Fg+Kq]

After some transformations we obtain:

e S

Thus, calculation of the eigenvalues of the co-
efficient matrix for different speeds and different
values of the wheel rate allows obtaining the dia-
grams of oscillation increment and frequency de-
pendency on speed (Fig. 3, 4).

1 — Wheelset with independent wheel rotation;

2 — Standard wheelset.

Oscillation increment

\

e
o 0 30 40 5 60 T a0 90
speed of movement, mj's

Fig.2. Dependency of oscillation increment on speed

Cecillation frequency, Hz

n

T B0 8

speed of movement, m/s

Fig. 3. Dependency of oscillation frequency on speed

The obtained results indicate that for the wheel-
set with independent wheel rotation the form of
hunting oscillations and swaying remains. Here-
with the oscillation frequency at the same speed is
half that of the standard wheelset. Oscillation in-
crement is 5.5 times less than for the standard
wheelset, although it remains positive over the en-
tire range of the examined velocities. This indi-
cates that the use of wheelsets with independent
wheel rotation will increase the car movement sta-
bility at high speeds. However wheelset with inde-
pendent wheel rotation is also characterized by
non-oscillatory movement forms. In this regard,
under certain conditions the wheelset loses its self-
centering in the track that is its significant disad-

vantage. One of the variants to ensure wheelset
self-centering in the track is the use of resistance
element to the relative rotation of the wheelset ax-
le-shafts [12]. During the relative rotation of the
wheelset axle-shafts such an element will create
a moment of resistance in an effort to equal the
angular velocities of the axle-shafts. This will lead
to the wheelset rotation around the vertical axis in
such a way that the wheelset will tend to take the
central position in relation to the track axis [14,
15]. Of course, to confirm this assumption it is
necessary to conduct experiments on a physical
model or prototype of the wheelset as part of a bo-
gie and a car.

Originality and practical value

The result of the work is the mathematical
model of the sinuous movement of a single wheel-
set with independent wheel rotation and the esti-
mate of the dynamic indices during its motion on
a straight track section without any irregularities.
The developed mathematical model of the motion
of the single wheelset with independent wheel ro-
tation can be used to create the advanced designs
of railroad car undercarriage at the stage of selec-
tion of running gear parameters using mathemati-
cal modeling.

Conclusions

As a result of comparison of the increment and
the oscillation frequency of a single wheelset,
standard and with independent wheel rotation, it
was found that the use of wheelsets with independ-
ent wheel rotation allows achieving higher dy-
namic qualities of movement. However, this re-
quires experimental verification on the stand or
dynamic tests on the line.
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MATEMATHUYHA MOJIEJIb KOJIUBAHb KOJICHOI TAPA
3 HE3AJIEXKHUM OBEPTAHHSAM KOJIIC
B 'OPU3O0OHTAJIBHIA IVIOIUHI

Merta. PoboTta mpucBsiueHa TOCIiKEHHIO TOPU3OHTAIBHAX KOJMUBAHb Ta OIIHIN CTIHKOCTI pyXy OJUHOYHOI KO-
JCHOT Tapy 3 HEe3aJS)KHUM 00SpTaHHIM KOJIC, a TAKOXK IMOPIBHAHHIO MTOKA3HHUKIB CTIHKOCTI THITOBOi KOJICHOI apu
1 KOJIICHOI MapH 3 He3aJIe)KHUM 00epTaHHAM Kodjic. Lle moB’s3aHo 3 HEOOXIAHICTIO MiIBUIIEHHS IIBUAKOCTEH PyXy
PYXOMOTO CKJIaay, HiIBUIIEHHAM ITOKa3HHUKIB O€3MEeKU PyXy, a TAKOXK ITOKPaLIeHHAM KOM(OPTY IepeBe3eHHs naca-
KupiB. Meroauka. /{151 JOCATHEHHS IMOCTAaBIEHOT METH BUKOPUCTaHI METOAN MAaTEMAaTHYHOI'O MOJICIIOBAaHHS AUHA-
MIKH 3aJ1I3HUYHOTO PYXOMOT'O CKJIaly, @ TAKOK METOH JIHIHHOT anreOpy — JIst OLIIHKK CTIHKOCTI PO3B’sI3KY CHUCTe-
MM JIIHIHHUX OJHOPIAHUX IUdepeHIiaIbHuX piBHiIHb. Pe3dyabTaTn. s BUpileHHs ocTaBieHol 3aaadi Oyia mo-
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OymoBaHa pO3paxyHKOBA CXeMa OJMHOYHOI KOJICHOI IapH 3 He3aleXHUM oOepTaHHsM Kodic. KomicHa mapa npex-
CTaBJICHA €IMHAM TBEPJUM TUJIOM, IIPOTE KOXHA 3 MBOCEH KOJIICHOI ITapH Mae€ J0JATKOBI cTyneHi cBoboan. Takum
YUHOM, OTPHMAaIH CHCTEMY 3 4 cTymeHsMu cBoboan. Ha oCHOBI po3paxyHKOBOI cxeMu Oyja OTpHMaHa CHUCTEMa
TMHIHHAX OTHOPITHUX MU(EPEHITIaTbHUX PiBHSAHB, IO OMHCY€E KOJIMBAHHS MIPEICTaBICHOI KOJICHOI ITapy B TOPU30H-
TaJBHIN TUTOIIMHI Ha MPAMIiH MUTAHII HUIXy. 3 BukopuctanHs EOM Oymu oO4ricieHi BIacHi 9uciia MaTpuii Koedi-
Ii€HTIB cucTeMH AW(DEpeHIIHHNX PIBHSIHD 1 BUKOHAHWH aHANi3 aCHMITOTHYHOI CTIHKOCTI pyXy KOJICHOI Mapw
3 HE3aJISKHUM 00EpPTaHHAM KOJIiC. [HKpeMEeHT 1 4acTOTy KOJMBAaHb IMOPIBHIOBAIH 3 aHAIOTIYHUMH TTOKa3HUKAMU JIJIS
TUIIOBOI KOJNICHOT mapu. Takox po3riisiHyTI HEKOJIMBaJIbHI (POPMHU PyXy KOJICHOI MapH 1 MUTaHHS CaMOCTIHHOTO
LEHTPYBaHHs KOJIiCcHOT apu B Koiiii. HaykoBa HoBu3Ha. Po3po0iieHa MaTeMaTniHa MOJIENIb 3BUBHCTOTO PYXY OJIH-
HOYHOI KOJIICHOT MMapH B IJIOCKIH MOCTAHOBIN 33734l 3 HE3aJIC)KHUM 00EpTaHHSIM KOJIC i BUKOHAHA OIIHKA TUHAMIY-
HUX XapaKTepPUCTUK NpH pyci 1 mo mnpsMid OUisHOI 1uiaXy Oe3 HepiBHOcTed. Takok po3risiHyTI criocoOu
3a0e3NeueHHsT CaMOCTIMHOTO ILEHTPYBaHHS B KOJII KOJIICHOI Mapu 3 HE3aIeKHHMM OO0EpTaHHSAM KOJIIC.
IIpakTHyna 3HaYnMicTb. Po3pobieHa aBTopaMu MareMaTHYHa MOJIENb PYXY OJMHOYHOI KOJNICHOI Mapu 3 Hesaje-
JKHUM OO€pTaHHSAM KOJIIC MOKe OyTH BUKOPHCTaHA IPH CTBOPEHHI NMEPCHEKTUBHUX KOHCTPYKIIH XOIOBUX YaCTHH
BaroHis.

Kniouosi crosa: xomnicHa napa; 3BUBUCTHH PyX; 3aJieKHE 00epTaHHS KOJIiC; TOPU30HTAIbHI KOJUBAHHS; PYXOMHUH
CKJIAJl; CTIHKICTh PyXy
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MATEMATHYECKASI MOJEJIb KOJJEBAHUM KOJIECHOM ITAPBI
C HE3ABUCUMBIM BPAIIEHHUEM KOJIEC
B TOPU30HTAJIBHOH IIJIOCKOCTH

Hean. PaboTta mocesimeHa McciaeqOBaHUIO TOPU3OHTAIBHBIX KOJNEOAHHH M OIEHKE YCTOHYMBOCTH JBHKEHUS
OZIMHOYHOM KOJIECHOM Iaphl ¢ HE3aBUCHMBIM BPALLEHUEM KOJIEC, a TAK)KE CPABHEHMIO MOKa3aTelled yCTOMYMBOCTH
TUITIOBOM KOJIECHOM Haphl M KOJECHOHM Mapbl C HE3aBUCHUMBIM BpAIlEHHEM KoJieC. DTO CBA3aHO ¢ HEOOXOIUMOCTBIO
MOBBIIICHUSI CKOPOCTEH IBMKEHMS IMOJBIKHOTO COCTaBa, YBEIMUYCHHEM ITOKa3aTened Oe30MacHOCTH JIBMKCHHS,
a TaKe yIyqlleHHeM KoM(popTa NepeBO3KH MaccaxupoB. Meroauka. {1 DOCTHXKEHHs IOCTaBJISHHOH LelH Hc-
MOJb30BaHbl METOJbl MAaTEMAaTHYECKOTO MOIEIMPOBAHUS TUHAMHKH KEIE€3HOJOPOKHOTO IOJBIKHOTO COCTAaBa,
a TaKXKe METOJbl JIMHEHHON anreOpbl — IS OLEHKM YCTOMYMBOCTH PEIICHUS CHCTEMBI JIMHEHHBIX OJHOPOIHBIX
mddepenumanpHpXx ypaBHeHuid. PesyabTatsl. [l pelieHus nocTaBieHHOH 3aqauu ObUIa IOCTPOSHA pacueTHas
cxeMa OJMHOYHOM KOJECHOM Mapbl C HE3aBUCHUMBIM BpalieHuem kojec. KosecHas mapa npeJcTaBiieHa €IUHBIM
TBEPJBIM TEJIOM, KaX/1as U3 TI0JIyOCcel KOJECHOI Mmapbl UMEET JOIOHUTENbHbIE cTeneHn cBo0oabl. Takum oOpazom,
MOJIy4WIn cucTeMy c 4 creneHsMu cBoOoxabl. Ha ocHOBe pacueTHOW cxeMmbl ObUla MOJNyYeHa CHUCTEMa JIMHEHHBIX
OJTHOPOJHBIX An(depeHINaIbHBIX YPaBHEHHUH, OMUCHIBAIONIAsl KOJIeOaHus TPEICTABICHHON KOJIECHOW Haphl B Io-
PH30HTAIBHON IUIOCKOCTH Ha MpsMOM ydacTke nmyTH. C mucnonb3oBaHueM DBM BerMHCIIEHBI COOCTBEHHBIE YHCIIA
MaTpuibl ko3 dumeHToB cuctems! quddepeHnnanbHbIX ypaBHEHHH W BBINOJIHEH aHAIN3 ACHMOTOTHYECKOH yc-
TOMYUBOCTH IBWKCHHUS KOJIECHOH Maphl ¢ HE3aBHCHMBIM BpalleHHEeM Koiiec. MIHKpEeMEHT M 4YacToTy KoJieOaHWi
CPaBHHMBAIM C aHAJIOTHYHBIMH ITOKA3aTENSIMH Ul THIIOBOM KOJIECHOM maphl. Takke paccMOTpeHbI HEKosieOaTemb-
Hble ()OPMBI JABMXKEHUs KOJIECHOH Iapbl M BOIPOCH CaMOCTOSATENBEHOTO LIEHTPUPOBAHMS KOJECHOW Haphl B KoJee.
Hayunas HoBu3Ha. [lo pesynbraTtam paGoThl pa3paboTaHa MaTeMaTH4eCcKast MOAEb U3BUINCTOTO ABMKEHHS OIH-
HOYHOM KOJIECHOHM Mapbl B INIOCKOW TOCTAHOBKE 3aJaull C HE3aBUCHMBIM BPAIICHUEM KOJIEC M BBIIIOJHEHA OLIEHKA
JMHAMHYECKUX [OKa3aTeliel Mpy ee ABMKEHHUH IO MPSIMOMY YYacTKy IyTH 0e3 HepoBHoOcTeil. Taxke paccMOTpEHbI
CHoco0bl 00ecreYeHusl CaMOCTOSITEIBHOIO [IEHTPUPOBAHUs B KOJIee KOJIECHOW Mapbl C HE3aBUCHMBIM BpallleHHEM
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kosiec. [IpakTnyeckasi 3HAYUMOCTh. PazpaboTaHHasi aBTOpaMH MaTeMaTH4ecKas MOICTh IBIDKCHUS OJUHOYHOM
KOJICCHOW Taphl C HE3aBHCHUMBIM BPAIICHHUEM KOJIEC MOXET OBITh MCHOJB30BaHA MPH CO3MAHUH IMEPCIICKTUBHBIX
KOHCTPYKLHHA XOJOBBIX YACTEN BarOHOB.

Kniouesvie cnosa: xonecHast mapa; U3BWINCTOE JBIDKEHIE; 3aBICHMOE BpaIlleHHE KOJIeC; TOPH30HTAIBHBIE KOJIe-
0aHWsT; TOJBIKHOW COCTaB; YCTOHYHNBOCTD JABIKCHHUS
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