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MODELLING THE MODIFIED METHOD OF ANALYTIC HIERARCHY
PROCESS BY MEANS OF CONSTRUCTIVE
AND PRODUCTIVE STRUCTURES

Purpose. In the study it is supposed: 1) to extend the classical method of analytic hierarchy process (AHP) for
a great number of alternatives and criteria; 2) to build a model of constructive decision making process using
a modified method of analytic hierarchy process with sorting (AHPS). Methodology. To achieve this purpose the
mechanism of constructive and productive structures (CPS) was used; the refining transformations of the general-
ized constructive-productive structure (GCPS) were fulfilled. Findings. The developed model of the constructive
process is the interaction between the three structures: the general CPS of AHPS, which allows to set criteria and
alternatives and performs the decomposition of task hierarchical structure; CPS of grouping and sorting, which di-
vides alternatives (criteria) into groups and implements the classic single-level AHP for each group, as well as cal-
culates estimates of paired comparisons based on the input data; CPS of single-level classic AHP, which allows to
fill the matrix of paired comparisons and calculates the ranks of alternatives. All three structures interact at different
levels of transformations: by data conformity at the level of concretization and using of implementations. The pro-
posed model allowed moving to the more abstract level in presentation of decision making problem solving for
a great number of criteria and alternatives. Originality. The paper proposes to use CPS mechanism for formalizing
modifications of AHP with sorting for decision making problem solving with a great number of criteria and alterna-
tives. Practical value. The formalization of the presentation of the analytic hierarchy process and its modifications
allows extending the range of applications of this method, as well as unifying the description of various AHP modi-
fications. Such presentation provides the possibility for developing the programs to implement the method hybrid
modifications. Using different interpretations presented in the article of CPS will allow for other approaches in de-
termining the coherence of pairwise comparison matrices, estimate calculation and ranks of alternatives and criteria.

Keywords: modelling; constructive and productive structure; constructive process; analytic hierarchy process;
modification

Introduction use of this method [1-3, 13, 14], or use AHP in

Analvtic Hi hy P AHP) [4. 11 _ combination with other decision-making methods

nalytic Hierarchy Process ( )[4, 11], pro (mathematical methods of multi-criteria analysis,

statistical methods etc.) [10, 12]. There are a lot of

developed software tools, which implement

both the method itself and its modifications [2, 9,
14, 15].

posed by Saaty, received worldwide recognition
and is used to solve the decision-making problems
in different areas. There are many versions of this
method, which take into account the specificity of
the tasks, can reduce the existing restrictions on the
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[14] presents the modification of AHP with
sorting (AHPS) which may be used while ranking
a large number of alternatives. The essence of this
method is that all alternatives are divided into
groups in threes (fours) and for each group the
classical AHP is applied. If the position of alterna-
tives in groups changes, the rearrangement is per-
formed. Some estimates not yet identified by the
expert are calculated on the basis of already deter-
mined ones at each step. This greatly facilitates the
work of an expert.

Purpose

The purpose of this work is to extend the clas-
sical AHP for a great number of alternatives and
criteria. To do this, it is proposed to present the
AHPS-based constructive decision-making process
by the constructive and productive structures
(CPS) [6]. In [8] CPS tools formalize the alterna-
tives ranking process using the classical AHP.

To represent AHPS there was developed
a system of three interacting CPS: directly AHPS,
grouping and sorting CPS and CPS of single-level
classical AHP.

Methodology

To achieve this purpose, the mechanism of con-
structive and productive structures is used. CPS is
a powerful device for formalization and modelling
of processes [5—8]. By performing different trans-
formations of the generalized constructive and
productive structure (GCPS) [6], namely, speciali-
zation, interpretation, specification and implemen-
tation, the different models are developed [7].
GCPS is called a triple [6]:

CG :<M’23A>’

where M — heterogeneous structure medium X —
signature; consisting of sets of the binding opera-
tions, substitution and output operations; opera-
tions on attributes and substitutive relations; A —
constructive axiomatics [6].

CPS purpose is to form the sets of structures
using binding, substitution and other operations
defined by axiomatic rules.

Findings

This paper presents a modified AHPS model
[14] on the basis of CPS with unconstrained num-
ber of criteria and alternatives.

All three CPS interact at the specification level:
data coherence connection and at the implementa-
tion level: CPS AHPS uses implementation of
grouping and sorting CPS for the criteria and for
a set of alternatives for each criterion, the grouping
and sorting CPS uses the implementation for each
CPS group of a single-level AHP.

Constructive and productive structure of AHPS.
Let us determine the GCPS specialization [6] to rep-
resent the analytic hierarchy process with sorting:

C= <M> 2, A> s CAHPS <MAHPS’ZAHPS’AAHPS>

where C — OKIIC, M - heterogeneous medium,
Y — signature, A — axiomatics, > —
specialization A s = AUA,
Ay ={M yps DTLON, T s ={E, 6, @11},
O={===},l1={>},D ={+*:=<V}},
E={,0,0},2— binding operations, ® — output
operations, I1 — substitution operations, ® — op-
eration on attributes.

Partial axiomatics A, contains the following
definitions, additions and constraints that specify
alphabet, medium attributes, substitutive relations,
set the features of substitution and output opera-
tions.

Terminal alphabet contains a set of alternatives
} and criteria { k,} with their attrib-

operation,

{name,v 'xi name,v

utes: x, — alternative identifier, name — semantics,
v — global priority (weight); &, — criterion identi-
fier.

Alternatives and criteria, valid assessment val-
ues are contained in a heterogeneous medium
M ypyps -

The following operations on attributes are in-
troduced:

+(c;m; L)— conditional n operations from the
list L, if c=true, L=(j,J},,...,J,), operations
are presented in the prefix form;

* — vector-number multiplication operation;

= — assignment operation;

< — less-than comparison;

V - attribute value seek operation, by an ex-
ternal server.

The substitution

v, :<s,,i,_/, gmj>e W, where s, ; — substitu-

rules are written as
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tive relation, g, — a set of operations on attrib-

utes, » — rule number, i, j — numbers of the first

and the second pair of alternatives. Three-level
indexing is used for ordering the substitution rules.
Binary  partial output operation [6]

= (= (¥,0) (here I, I’
after the substitution operation), consists of:
I)selecting one of the substitution rules

—forms before and

Y, <sm.’ i &ri. j> eV, with substitutive relations

s,;; and performing the substitution operation on

its basis. Availability of substitutive relation s, ; ;

is determined by the availability attribute value

d,; s, ;if d, ;. Js, ;=1 the relation is avail-

able, d,, s, ;=0 — not available; the availabil-

ity of rules is regulated by operations on attributes
or is given by axiomatics;
2) carrying out operations on attributes g, ; ;.
The order of the operation on attributes in the
process of performing partial output operation is
given by the attribute t,, where 1€/,

I={7,, v}, — the operation on

attribute is performed before the substitution op-
eration, 1, — after the substitution operation.

T M ypps s T

Complete output (or output) operation is the
sequential partial output operation, starting from
the initial nonterminal and finishing with the con-
struction that satisfies the output completion condi-
tion. The result of the complete output operation is
the construct containing the ordered sequence of
alternatives.

The output completion condition is the absence
of non-terminals in the form.

Suppose we have the following basic algo-
rithmic structure (BAS) [6], which comprises the
steps of performing operations by condition, ma-
trix operations, as well as the launch of AHPS for
criteria and alternatives:

CA,AHPS =(M A AHPS > ZA,AHPS > AA,AHPS> >

where M, ,.»c — heterogeneous medium that con-

— signature and A, ppg —

ob 1] Ob
Zb 7A ‘0‘ } -

tains V, yypss 24 amps

. . 0 ,4;-4 0
axiomatics, V, ps DA ) | A
: WIS

a set of forming algorithms for a particular server,

and {4, |, I, e |/ yo 4|j:l:{’q,}UVW — a set of con-

structed 14; |c nL aAO ‘ab >

0 0 0 40 0 0 0
4; |Zb’A8 ‘stA9 las Ais |Z,b’ Ay |Z,b’ Ay ‘Z,b’ A |2,b’

algorithms,
0 0 ¢ 4° r 0 ¢ 0 |c

A5 |Zb»A14 \vaA \ A |rN;’A17 o> A |;,b:
0 0 0

A19|vaAzo|2b’A21| yevl,

operations @ on attributes.
The above algorithms execute the following
operations:

— algorithms for

'cxk

- Alo j‘fj{ — algorithm concatenation (sequen-
24
tial algorithm 4, after 4,);
_ 7
4, |zh,zq S,
1 Q
- A3 |f;/,\{/5A4 |c,‘l"

Here f;, f; —forms, o —initial nonterminal, Q -

— substitution;

— partial and complete output.

a set of formed constructs;

— A |f,n,L — execution of »n algorithms from
the list L, if ¢ =true;

— AJ[S, — calculation of the product a*b, a
and b can be matrices or numbers;

— A} |2, — assigning a value to a variable
a=b;

— 4, |Z — determining the value of a by an ex-
ternal server;

— Afy [¢,— calculation of the quotient of a by
b;

- A ., — calculation of the remainder on di-

viding a by b;
0 0 e 0 | 0 | 0
o A8 |;b > Alz |2b > A13 |2b > A19 |;b > Azo |;b
parison of numbers a and b, if the condition is
satisfied (a<b,a# b, a=b, a>b,a<b), then
¢ =true, otherwise ¢ = false;

— com-

- A s, — assigning the value b to the vari-

able a, the valuesa and b can be vectors, matri-
ces, or numbers;

0
- A14 |Zb

a and b, true, if both conditions are true;

— logical AND of the two conditions

- A | - — calculation of the conformity rela-

tion of the pairwise comparison matrix (PCM) N? ;
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- AIO6 I S calculation of the alternative prior-
v

ity vector by PCM N; ;
— A |;|; — calculation of integral part of the real
number a ;
o AIOS |;b
and b can be matrices or numbers;

_ 0 ja,h
A21 |xl-,xj,kp

— calculation of the sum a+b, a

— determination of the link weight

of i and ; alternatives by the criterion k, by an
external server (h=1);

- 4, Z}f —binding alternatives and criteria,
where a,b — identifiers of alternatives or criteria
or links between them;

— A4, |Z°,f’ — binding b implementation result to

non-terminal of CPS implementation use o .
Interpretation of the main CPS for the modified
analytic hierarchy process:

<CAHPS =(M sups>Z aps N arrps )
Copanps = <MA,AHPS s 2 4 aHps > AA,AHPS> > s

=1 Caps = <MAHPS »2 s> N1 anps ,Z> )

where ;> — interpretation operation; Z — a set of
servers that can use all BAS algorithms; C, ;;ps

AI,AHPS = AAHPS U A3 >

0 44, S
As =14 |A‘.,A// ), (4, |1,:,lq,f[

7
A=), (4], A=),
4, ‘?‘P <J ||:>)9(A(()) lob J*),(A;) REEDR

(A oy <), (A9, 9, (g oy —0))

Let us represent CPS specification for the ana-
lytic hierarchy process with sorting:

1Canps = <MAHPS s tps s N p anps o Z> K=
k> Cx anps = <MAHPS’ZK,AHPS’AI,AHPS ua,uU

UAs.Z),
where
Ay =T ={x,%), X5, Xy, Ky oo kp )

Nl = {P,NG’ Q}\'aala'--aOLPag (I)l"'-, Q(I)P,X} B

U= {P,NG}’ Y =1{v, :<Sr,i,j9gr,i,j>} , r=1,6},
r — rule number, i — number of the first alterna-
tive, j — the number of the second alternative of

the pair, x, — terminal for identifier of thei -th alter-
native, k, — terminal for identifier of the /-th crite-
rion, U — a set of initial non-terminals, o, — non-

terminal for processing alternatives by the /-th crite-
rion, ¥ — non-terminal for implementation of the

grouping and sorting CPS for criteria, QX — non-
terminal of CPS criteria (where Q = {I_", is, N} —aset

of attributes: 7 — vector of PCM priorities, is — ma-
trix conformity relation, N — matrix dimension),

0¢,— PCM alternatives by / -th criterion.

Partial axiomatic Ay is as follows.

The number of criteria P and the number of al-
ternatives N , as well as the semantics of alterna-
tives and criteria are given at the stage of execution
by an external server.

The record of the sequential concatenation of
several terminals, non-terminals and sequential
operations on attributes will be represented as fol-
lows:

n
X Xyt X, =Hxl. .
i=1

N N

The record H H (a

i=1 j=i+l

the rule consists of a sequence of substitutive rela-
tions with a given availability attribute. If the sub-
stitutive relation is available, then it is performed
and the availability of the next relation in the se-
quence is determined, otherwise this relation is
omitted, and the availability of the next one in the
sequence is determined.

The rules that do not change the current con-
struct have void substitutive relation.

It is assumed thatd,, Js,, =1, for each

ri,j

—B) means that
s/

ri

r =E, so this attribute in these rules is omitted.
Here are the rules and their brief description.
The substitutive relation s, is used to enter

the processing sequence of criteria and alternatives
by criteria. Operations on attributes determine the
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quantity and the semantics of criteria and alterna- N-1 N
tives: 7 86,0,0 TTIT (= dx <viixskid o, =1))
i=1 j=it]
_ P
ok Y
S100 = <P,NG X |i%,o,p§ 0ol ~H(ocp) >’ The implementation of this CPS is the set of al-
p= ternatives ordered in accordance with the calcu-
P lated ranks.
1,81,0,0 :< N:=V(N),P=V(P ),H(k,- =V(k)); Constructive and productive structure of alter-

=l natives grouping and sorting (CPS of AGS). Let us
N determine the GCPS specialization to represent the
H(X,« =V(x;)) > grouping and sorting subsystem for AHPS:
i C=(M,%,A) o+ Cooc (Moo Scs A
The relation s,,, uses implementation of the g GSA< e GSA)
grouping and sorting CPS for the alternatives for where Agsa = NI NG, Ag =My DT, UN,
each criterion, and s,,, is used to get the imple- 2, = {E,@,CD,H} JI={-}, 0={==.|=},
mentation results of the sorting and grouping CPS  E={, 0,0}, ® ={,*,:=, >,<,%,+,\, =% &7,

for criteria: K1)}, Z- binding operation, ® — output opera-

P . . . .
— tions, @ — operations on attributes, I1— substitu-

$2,0,0 :< l_ll(ap X | NN 000,) > : tion operations.
" Partial axiomatics A, is presented below.
S3.00 :( |Pk 0 Ooh — QX> ) Te¥mi.nal glphabet cqntains many alternatives
and criteria with their attributes.

The relation s, is used to obtain the imple- The substitution rules include a substitutive re-

lation and a set of operations on attributes. The
substitutive relations contain the available attribute
d,, where r — the rule number that takes the value

mentation result of the grouping and sorting CPS
for alternatives:

_ - - 1 — the relation is available and 0 — not available.
2400 < H(X |” p.rk Y00 )= o0 )>' For the rules with a constant availability attribute
(d,=1) this attribute is omitted for record simplic-
ity.

To interpret the CPS of alternative grouping
and sorting let us use BAC C, ,;ps, described

The following substitutive relation is aimed to
enter a set of alternatives into the construct. Opera-
tions on attributes contain the calculation of global

alternative priorities:
above:

_ P _ N
35,0,0 =<Q7L-H(Q¢p)—> 1-_1[(VX[)> > <CGSA :<MGSA’ZGSA’AGSA>’
p= =

Crames =M g aripss Zaanpss D aanrs ) 17
185,00 = <H(V<Jx _(’”PJM*”J(I) )> < >>
1= Cosa = <MGSA sZasas M1 csa ’ZGSA> >

The set of substitutive relations s4,, allows
. where

ordering the alternatives into constructs according A CA UA, L A= (A7) 4d; )
1,654 = 1)Gsa 7> D3 = WA g 4, )

to their ranks:

N-1 N
A A=), (4 Jd=), 4, =
S6,0,0=< H(Vx, v dg,, T vxj-vxi)>, ( |1 dgsJi ) ( |f\P =), |<qu =),

i=l j=i+l i p ¢
(Ag |Z,b 49, (A;) |a,b =), (Ago |a,b 45,
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(A5 16 p 19, (Aig Loy D)5 (A Loy %)
(A102 lop %) (A103 lop 1= (A104 lop L&),

(4

Y

), (Al = ) (4l D

(AIOS lup < 1) > (A109 los <> (A§3 |Zf>: J0)}.

We concretize CPS of alternative grouping and
sorting:

1Cas :<MGSA’ZGSA’A1,GSA’ZGSA> K
kP Crgsa = <MGSA72K,GSA=A1,GSA Ua,U

UAg, Zgs, >’
where

A7 = {TZ =]1 U{gym,_/}U{;yi,n,_j}u{;zm,j}’

m=1,M Hu j:1a49 N2 Z{P,NX’ N,py’ p,nﬁa Q7"a

= Lol

ntio

U| — n )

pBu L LG Im Pk,
i=l

ks kg M o, {Xm}} U {ch,n\Vm’ ch,nw;n}’

m:L_Mz U:{P,NX}9 \PK:{WI*:<Sr’gr>}9

r= 1,71} , r —rule number, L is responsi-
ble for determining the number of groups with four
and three alternatives (k,,k,— number of groups
with three or four alternatives in the group, respec-
tively, M — total number of groups); ., ,v,,
hn Wy, — non-terminals of m -th group of alterna-

tives, with attributes ch — flag indicating the alter-
native position changes in the group (1 — alterna-
tives changed their position after ranking in the

group, 0 — did not change); , v — PCM for N
alternatives according to the criterion p, matrix

elements, non-terminals , ,v, ; with attributes: a

— evaluation of comparison of i and j; alterna-

tives, & — evaluation process tool, (#=1 — filled
according to the evaluation by an external server,
expert, #=0 — without the involvement of an ex-
ternal expert on the basis of substitution rules);

»uBn — PCM by criterion p for the group m,

consisting of n — alternatives, this matrix elements
are non-terminals , 3 where the attributes

a and h — the
L)

- on
pon Bm ’H(;ym,i ),p,k[)
i=1

mi,j >

same as for v, ;;

— non-terminal of CPS imple-

mentation of the single-level classical AHP for the

n

group alternatives: H;ym’i — set of alternatives
i=1

for AHP ranking, p — ranking criterion number,

pk — criterion vector, 5 — PCM of alternatives

of the group with calculated ranks and conformity
relation, L' — list of alternatives ordered accord-

puPm — PCM of alternatives in

> n
ing to the ranks,

the group n; %, — non-terminal to prepare m -th
group alternatives for ranking; ,m — non-terminal

to calculate the parameters of the general PCM of
alternatives (missing evaluations of paired com-
parisons, conformity relation and matrix comple-

tion control); {qym’i} , {qy,’n’i} , {qzm’i} — set of
alternatives in the group m, y, y', z — alternative
identifier, g =[name,v,u,7,I] — set of attributes

where name - alternative semantics, v — global
priority (weight) of an alternative, u — global
number of alternative, 7 — alternative weight vec-
tor by criteria, [/ — criterion number.

The first rule with the substitutive relation,
which enters into the construct the sequence of
alternatives, PCM by p-th criterion and non-
terminal with attributes to work with groups. The
operations on attributes calculate the number of
groups from 3 and 4 alternatives and the total
number of groups. The alternative paired compari-
son evaluations are completed with default values:

_ N =
— ok . .
Sy _<X|Nx,pypk_>l_!(name,v‘xu) p,Ny k3,k4,Ma‘>’
u=

& =(flag =0, +(N%4=0;3;(k,Jo.:= N/4),
(kydot = 0),( flag = 1)), +(N = 3;3; (ko = 0),
(kyJdo:=1),(flag :=1)), + (N =5;3;(k,Jo = 0),
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CPS implementation of the classic single-level

(k3“]a' = 2)a (ﬂag = 1))a+ (ﬂag = 0,2,
AHP for each alternative group:

(kydo=N/4-(3—N%4)),
(kydo:=(N —k,Ja*4)/3)),
M do = kyda+ kyJa;

N N
H(H (ad )y, ;=0ad v, =0;hd )y, ;=0;

i=1  j=i+l
0;) > .

The following relation is applied for breakdown
of the alternatives into the groups. The operations
on attributes get the conformity between the gen-
eral list of alternatives and alternatives in groups:

hd v, =0)ad v,;:=Lhd vy, =

M Jo. ndy,

H(q u) k3k4Ma’_)H(chn“|] H ymz

ks

‘rogZ :< H(n‘me :3:

i=1
ndy,,
H (namedy, ; = namex;
J=1

M
u‘Jyzj _u‘_]x* ))’ ]J (n‘_]\Vm :47
i=ky+1

ny,,

H (namedy, ;

J=1

= namedx, udy; ;= udx;;)) >

i*jo
The operations on attributes of s, relation de-

termine the attribute values for PCM elements of
the alternatives:

Mo ndy,

< H(Chnw H ymt pNY) -

Mo ndy,

_)H(Lhﬂw H yml'pn.J\ymB p ) pNY))

M ndy, ndy,
o& =TI T T @By =avisy 2
m=1 =1 Jj=1

h‘JBm i,j * h‘_]'Yu‘Jy,,” Uy, ))) >

The following substitutive relation is used for

M Jo. nJdy,,

< H(chn\lj H ymz'anme P ))_)

nly

I1Gznior

ndy,,

_)H(chnw H( yml) Ulll = 1V

ety Bns H( Vi )Dok,

The operations on attributes of the following

rule supplement the general PCM with new evalua-
tions:

_ ondyy,
ponyn P 1‘[(,, Zmi)sMm =

M o
=([Tel ) ¥
m=1

pancty B> H (GVmi Pk
il

M ndy,,

H(H

m=

mt’Q ) p,N;'alln >=

ndy,, ndy,

M
7 g5 =< H( H (H (a‘J'Yu‘szJ,u‘szJ =
m=1

i=1 =l

adp

mji,j>

= h‘JBm,i,j ))) >

The substitutive relation is used to calculate the

h‘J’Y”JZm oz

general PCM elements by transitiveness and to
count the uncompleted elements:

S6 =< >,
&6 =< all dn = O;H H (H(+(thi’j =0,

i=l j=i+l c=l
4 (+((ady,; #0) & (ady; . #0);2;
(sum:=sum+ay, . *ady, ;;q:=q+1));

ady, ;i=sum/q;hJy, ;:=0;hdy; ;=

=0; a‘JYj,i = ))a) -

i,j

+(ady; ; =0;Lalldn = all-m +1)) >

s, — substitutive relation for comparison of the
alternatives in groups after AHP application. If the
order of the alternatives in the group is changed,
the corresponding attribute is set to one:
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ny,,

< H(chnw H( yml) H (q ml)’me)%

ndy,,

—>H<ch,,w H( Vimi)* H (- Zni)og M)

m=1

w81 = <H(ch.J\ym. ;

m=1

ny,,

H (+(namedy,, ; =namez,, ;;
i=1

3 (vdy,,; =vdz, ;snamedy, ; =namedz

m,i” ml’

udy,  =udz, ));+(namedy, . #name z,, ;

Lchdy,, =1 >

The relation s, is used to calculate the priority

vector and the conformity relation for general ma-
trix, if the position of the alternatives in the groups
has not changed:

ndy,,

< H(chnw H( ymz) H( th)JQA‘ )X

Xo NV aM 4, Q7‘>a

M
W8 ={ f=0][(+(chdy, =11 f =1));

m=1

+(f =L1d, =1);
+(((f =0) & (all-m =0);1;dg =1);)

o8 = (=, s P =R, 7)).

The substitutive relation s, is used to regroup

the alternatives. Operations on attributes allow set-
ting the alternative attributes in the new groups:

ndy,,

H(chn\v H( Vi) X

m=1

nay,, — =
x 1_[1 (;Zm’l-),le)' s NTX
i

nay,,

alln ds_)H(chn\‘rIm H( yml
Xp,an;1Bm'pm)' p,N’Y>;

M n ,
08 = <H (/= [%];n‘hym =142
m=1

!
H(nameJy,'n . =name.z
i=1

m,l+i°

pr;n,[ = p‘JZm,IH;V‘Jy;n,i =vdz

m,l+i°

! .
udy, =udz, 14 ) H(nameAym iy =namedz,
i=1
p‘Jym z+l p‘JZWH—l i ’v‘Jym l+l V‘sz+l,i;
u‘Jym l+l M‘sz+l,i);
M-1 nly, nly,
T &9 =< (H ( H (a‘JBmJ,_/ ::a‘_]'YuJym_i,u,_Jme;

m=l =l  j=I

h‘JBm i j h‘JYuJym, u,Jym J ))) >
The substitutive relation s, is for implementa-
tion of classic AHP for new alternative groups:

ny,,

S10_< H(chn\Vm H( yml pn.J\y B pm)_)

M-1
= IE
m=1
Wi
nly,, H (; Zm.i),Q7L
1
X chnw II( ymz) U|l _ ndyy,
P n.meB (;yr’n,:)’p»kp

i=1

The following rule contains the substitutive re-
lation to get the AHP ranking result in each group
and to save the evaluation entered into the general
PCM by the expert:

- vy

M- p an,,, m> H (q Zi)s0Mm =
< H ) : p,Ny -
m=1 P nJurnlﬁ ( J’nu) p.k,
i=l
M-1 ndy

_)H( H ( Zmz)’QA‘m) pNY anM >

m=1 1=l
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M-1 iz.len n.Jw;n

( H ( H (a‘J’Yqum,, Uz

m=1 i=1 j=1
Az s = h‘JBIM,i,j )))ad6 = 1, d12 = 1>

Operations on attributes of the following rule
allow determining the changes in the positions of
alternatives in the groups after AHP application:

1 811 :< o ap

mi,j?

h‘JYM.sz_i U

M-l

S12 :< >, 7, 812 :< H(Ch‘JUrl:n =05

m=1

nJy,
[ 1 (rame.y,, ; = name. 1z

i=1

vy, =vdz, ),

m,i?®

+(namedy,, . # namez

ml’ ’

Lchdy!, = 1>

The substitutive relation s,5 is used to calculate

the priority vector and the conformity relation for
general matrix, if the position of the alternatives in
the groups has not changed:

ny,,

H(chn\lf H( Vi) H( Zml),g7L )%

XpNY a4, ™ Q7¥>,

813 = <f = 0;1__[ (+(chdy,, =L1; f=1));

m=1

+H(f =1;1d, =1
+(((f =0) & (alldn=0);1;d,, =1) ).

280 = {502\ 7 =R

The following substitutive relation is used to
restore alternatives in the groups, if their position
has changed:

ndy,,

Sl4_< H(chn\lj H( ymz)) (H(chn\ljm

m=1 m=1

oy,
XH( ymz) H( Zm1)9Q m)d14_>
ndy,
_)H(chn\lj H )’m, >’

m=1

anm

1, 814 = <H(Z

H(nameAym 14 = namez
i=1

ml’
p‘Jym,lﬂ' = p‘sz,i ;V‘Jym,l-%—i = V‘sz,z ’

2
qum,i);H(nameJym+l,i = name.z

i=1

u‘_]ym,lJri =

m,i+l>

p‘JymH,i = p‘JZm,iJrl;v‘Jmerl,i =

= V‘JZm,Hl;u‘JymH,i = M‘sz,Hl)

T 8y = <d3 = 1;d]4 = 0>

Implementation of CPS of alternative grouping
and sorting is the non-terminal with calculated al-
ternative rank attributes and the conformity rela-
tion for PCM of the alternatives.

Constructive and productive structure for clas-
sical single-level AHP. CPS of classical single-
level AHP implements completing by an external
expert of some paired comparison evaluations,
finding the proper number of the matrix, confor-
mity relation of PCM and alternative ranks.

Let us determine GCPC specialization to repre-
sent classical single-level AHP:

C=(M,Z,A) s CAHP <MAHP’2AHP’AAHP>’

where A p=AUAy, Ag={M ,,;p DT,UN,,
ZAHP = {E,@,(D} H @ = {:>7|:>a||:>7_>} ] E= {'a O} s
O={+,=/<>=1A>}}.

The operation >(x;,x;,k,) allows setting a val-
ue of the link weight between i and j alternatives
(criteria) by k, criterion, >(x;,x,,&) allows setting
a value of the link weight between criteria. These
operations are executed by an external server.

Terminal alphabet contains many alternatives
and criteria with their attributes.

The output process forms the construct that will
include the following forms: , ,(x; ox; ok,) — link
— link

weight, A -—attribute, responsible for the weight
value derivation process (/4 =1 — filled according

of i and j alternatives by criterion k,, a
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to the assessment by an external server expert,
h=0 — without the involvement of an external
expert on the basis of substitution rules);
an(X;ox;0€) —link of 7 and j alternative (crite-

rion) if a comparison criterion is not given; QX -
pairwise comparison matrix for
N
H(,xi) — sorted alternative sequence.
i=1
For interpretation of this CPS we use the BAS
C, 4nps described above:

alternatives;

<CAHP = <M AHP’EAHP’AAHP>’ CA,AHPS =
= <M A AHPS »Z 4, AHPS » AA,AHPS> > =

™ 1.Cy s Cinp :<MAHP’ZAHP’A1,AHP’Z>’
where
0 A,-A/

A[,AHP = AAHP UA11 > A11 = {(A1 |A,,A, ),

(A, A=) ALy dB), Ay A=)
21,,,lq,_f,'» > B3I H 4 o,V s

(A7 5 A=) s (A 1y A9, (A1, A9,

(Aloo o <)) > (Aloz o < #) (A103 s < =)

(A109 |Z,b ‘J >) »
(A "2 ), (A [ = ), (A [y 1),

(43,

o o) }.

Let us perform specification of the interpreted
CPS for a single-level AHP:

LC4 amp CAHP = <MAHP’2AHP’A1,AHP’Z> k™
CK,AHP = <MAHP’2K,AHP’AI,AHP U A9 U A10aZ> 5
where
Ay ={Ty =T, Ny = { & .81 5y U 0L, 1B
U={px0b, e ={w, (s, 580 )}> =112},

r — rule number, i and j — number of the first
and second pairs of alternatives, U — set of initial
non-terminals, ,& — non-terminal to indicate al-

ternative links, ,p— non-terminal to indicate crite-

ria links, B . .— non-terminals to indicate links

pit,J
between alternatives i,j by p-th criterion (for
simplicity indicated as matrix ng), QK -
pairwise comparison matrix for alternatives (where
0 :[\_x,is,N ] — vector of attributes: v — vector of
PCM priorities, is — matrix conformity relation,
N — the number of alternatives).

The substitutive relation s, ,, serves to change
PCM completion and ranking of alternatives x; by
criterion &, . All axiom input parameters are added

to the medium.

N
=

51,0,0 :< V|

The following substitutive relation is used, if a
ranking criterion is specified:

— N N
52,0,0 :< p,NB X¢ dZVOYOHHH(pBiJ ) kpp)>’

i=l j=1

1, 82,00 = <+(p<JB >0;1;d,,,:=1),

+(pJ[§ =0;Ld; 0= 1)> .

The substitutive relation s, is used to form

PCM alternatives, if a criterion is not specified:
= N N
$300=( pB -8 4, > TITTGB))-
i=1 j=1

The following rule contains the substitutive re-
lation to determine a connection between the alter-
natives. Operations on attributes determine the
evaluation of alternatives links:

N N
$4,0,0 =<HH(B 0> (x0x; 08)'Bi,_/>:

i=1 j=1
18400 = <a.J(xioxj og):=adB,
hJ(xioxj o 8) = h‘JBi,j> .

The rules for setting the alternative pairwise
comparison values by an expert, where i=1,N
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and j=1+i,N:

S50 :< >’1:l 85, :<a‘J(xioxj 0g) = D(xiaxjag)a
adp; ; =hd (x,0x; 0€);hd (x jox,08) =1,
ad(x ox; 0g):=1/(ad(x,ox; o)),
adB;; = ad(x jox;08);hAB, ; =hod (x jox;08) ).

The relation for PCM completion check. If the
matrix is completed, then based on the operations
on attributes we calculate the conformity relation
and fill the alternative priority vector:

N N
HH(xi °Xj° 8) ds 0.0 -

i=l j=1

N N _
_)HH(xi °X; °g): o)

i=l j=1

T 86,00 = <d6,0’0 = 1, ﬁ/lll = 1,

ﬁ ﬁ (+(ad(x;ox; 0 €) <031

i=1 j=i+l

Jull = 0)),+( full =0;1;d = 0)),

S6.0,0 =

0 8600 = <is<JX: = h(p’NB); rh = K(p,NB)>.

The relation s, ,, enters the sequence of alter-

natives with the weights into the construct, if PCM
conformity relation is valid:

N N
HH(xi °X; °g)x

i=l j=1

N —_—
xoh-u d7_)1t1[(§xi)' ol
187,00 = <+((iS<JX) <0,011; 1;d, 4, = 1)> ,
N —_—
5 87.00 :< H(V‘in =rdl)dy g 6= 0> .
i=1
The following set of rules (i=1,N-1,

j=i+1,N) defines the relations for descending
ordering of alternatives according to their weights:

S8,i,j = <(in . ij) d&i‘j — (ij . in)>’
1,88 = <+(v.ij >vdx;Ldg; ;= 1)> i

The substitutive relation s, is used to estab-

lish the link between the alternatives by the given
criteria:

N N
59,0,0 :<HH@i,j’ka - (xioxj °kp)‘Bi,j>a

i=1 j=l
189,00 = <a<J(x,-°xj o kp) = aJBi’j,
hd(xox; ok ,):= h‘JBi,_/> ]

The rules for setting the alternative pairwise
comparison values by an expert by p -th criterion,

where i=1, N and j=1+i,N:
Sty = )

7, 810,i :<a‘J(xi°x_/ °kp) = D(x[ax_/,kp),
adf, ; =ad(xox; ok, );h(x;ox; 0k,) =1,

hap,

i,j

=hd(x;0x; 0k, );alB;, i=ad(x ox, 0k,);
ad(x jox; ok,) = l/a‘J(xioxj ok,)
h(x jox; o k,) = A, = hod(x jox; o k).

The operations on attributes of the next rule
check the PCM completion of alternatives by p -th

criterion. If everything is completed, then the con-
formity is calculated and the alternative priority
vector is filled, otherwise the rule does not apply:

N N
S$11,0,0 =< HH('xi Oxj OkP) dn,o,o_)
i=1 j=1

N N
—)HH(xi °ox; Okp)'Qx>,
i=l j=l
1 811 = <ﬂlll = l,dll,o’0 =1,
N N
{10t <0

i=l j=1

L full = 0)),+( full =0;1;dy, 5, :=0)),
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7, 811,00 = <i5<—]X: = h(p,NB); rdh = 7L(,;,1v[§)> .

The relation s,,,, is used to generate a se-

quence of alternatives, if the PCM of alternatives
has a valid conformity level. After the substitution
on the basis of operations on attributes, the ranks
of alternatives are determined:

N N = —_
$12,0,0 :< HH(xi ox;ok,) ,nBor B 4,

i=1 j=I

= N —
- p,NB'H(;xi)' Q7"> )
i=1
o Q200 = (+((s2) 0,011 Ly o = 1),

N _
1, 812,00 = <H(V<in =1Jd0);d) 00 =0 >

i=1

Implementation of CPS for a single-level AHP
is the ranked list of alternatives, the completed
PCM and the calculated conformity relation values
for the formed matrix.

Originality and practical value

The developed model of constructive process
for alternative ranking by modified AHPS can
solve the problem with a large number of criteria
and alternatives (more than ten), and can also be
used under conditions of incomplete information,
as part of evaluations is entered by an expert, and
the part is calculated based on the input. This
method can improve the conformity of expert
judgments. CPS-modeling opens wide possibilities
for automated hybridization of AHP modifications
taking into account the specifics of the tasks.

Conclusions

The developed modeling system for construc-
tive alternatives ranking process consists of three
CPS, interacting at different levels of refinement
transformations. Disaggregation of process com-
ponents makes it possible to independently change
some models, change their interpretation, which
allows applying this approach to solve more spe-
cific tasks.

CPS-formalization allows moving to a higher
level of abstraction when describing a method for
decision making problem solving, which in turn

provides an opportunity for the development of
programs that implement the hybrid modification
of the decision-making methods, in particular the
various modifications of AHP.
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MOJIEJIOBAHHS MOJIU®IKOBAHOI'O METO1Y
AHAJII3Y IEPAPXIN 3ACOBAMHU
KOHCTPYKTUBHO-IPOAYKIINHUX CTPYKTYP

Meta. ¥V pocnimxeHHi nepenbadaerbesi: 1) pO3MIMPUTH MOXIIMBOCTI KIACHYHOTO METONY aHalli3y iepapxii
(MAI) st BeMKOI KiJIBKOCTI ajbTEpHATUB Ta KPUTEPIiB; 2) MO0y IyBaTH MOJENIb KOHCTPYKTHBHOTO MPOLECY TPH-
HHSTTS pillIeHb i3 BUKOPUCTAHHSAM MOIU(IKOBAaHOTO METOJy aHali3y iepapxiii i3 copryBanusam (MAIC). Meroauka.
J1s mocsSTHEHHS TIOCTABIICHOI METH BUKOPHCTOBYETHCS MEXaHI3M KOHCTPYKTHBHO-TIpoAyKUiitHUX cTpyKTyp (KIIC).
BukoHaHO YTOYHIOIOUI TEPETBOPEHHS Y3arallbHIOIY0! KOHCTPYKTHBHO-TpoaykuiiHoi cTpykrypu (YKIIC).
PesyabTaTu. Po3pobieHa Moziellb KOHCTPYKTHBHOIO TPOLECY MPEACTABISE COOOK B3aEMOIII0 TPHOX CTPYKTYD:
1) 3aranpnoi crpykrypu KIIC MAIC, sika 103BOJIsI€ 3a1aTH albTEePHATHBU Ta KPUTEPii, BAKOHYIOUN JEKOMITO3HIIIIO
iepapxignoi crpykrypu 3amadi; 2) KIIC rpymyBaHHA Ta cOpTyBaHHS, fika po30WBae aabTepHATHUBU (KpHUTEpii) Ha
TPyNH Ta peajildye KIacCHIHUHA ogHOopiBHEBUH MAI 1 KOKHOI TPpyNH, a TaKOK PO3PaXOBY€ OIIHKH ITAPHHUX MOPIB-
HSIHb Ha OCHOBI BBeneHux Janux; 3) KIIC ogHopiBHeBoro kiacuynoro MAI, sika 103BoJIsi€ 3aIIOBHUTH MaTPHIIO
NapHUX TOPIBHIHB Ta PO3paxyBaTH PaHTU allbTEPHATHB. BCl TPH CTPYKTYypH B3a€EMOJIIOTH MK COOOI0 Ha Pi3HHX
PIBHSAX YTOYHIOIOYHMX MEPETBOPEHB: Yepe3 y3ro/PKEHHs 10 AaHMM Ha PiBHI KOHKPETH3allii Ta BUKOPHCTaHHS peati-
3alliif. 3anporoHOBaHa MOJIEIb JI03BOJIMIIA TIEPEUTH Ha OUIBII aOCTPaKTHUH PiBEHB NPENICTABICHHS PO3B’SA3KY 3a71ad
NPUHHATTS PiLlIeHb JUIS BEJUKOI KIIBKOCTI KpUTEpiiB Ta anbrepHatus. HaykoBa HoBH3HA. 3a pe3ynbraraMu poOOTH
npornoHyeThes BukopucToBysatn MexaHisMm KIIC mist popmanizanii Mmoandikanii MAI i3 copTyBaHHSAM U1 pO3B’s-
3Ky 3aJa4 MPUAHATTS PIlIeHb i3 BEIUKOO KUTBKICTIO KpUTEpiiB Ta anprepHaTHB. [IpakTHYHa 3HAYMMicTh. Dopma-
Ji3aIlis MpeICcTaBIeHHs IK caMOro METOAY aHali3y iepapxii, Tak i iHoro MoauGikamiii T03BOJSE POSMIUPUTH KOJIO
3aCTOCYBAaHHS JaHOTO METOIY, BIIOPAAKYBAaTH omucH pi3Hux momupikamii MAI. Take npexncraBieHHs 3a0e3mnedye
MOJKJIMBICTH PO3POOKH IIporpaM Ajs peanizamii riopuaanx Moaudikamii metory. BukopuctaHHs pi3HHX iHTEpHpe-
Taiil 3anpononoBanux B ctarTi KIIC 103BOMMTH BUKOPUCTATH 1HIII MiAXOAW MPU BU3HAYECHHI Y3TOHKEHOCTI Mat-
PUIIb TAPHUX MOPIBHSIHB, PO3PAXYHKY OIIIHOK Ta PAHTIB aIbTEPHATHB 1 KPUTEPIiB.

Knwouogi crosa: MOIETIOBaHHS; KOHCTPYKTHBHO-IIPOAYKUINHHI CTPYKTYypH; KOHCTPYKTUBHHHM HPOLEC; METOI
aHaiizy iepapxiit; Mmoaudikariis
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MOJEJIUMPOBAHHUE MOJHO®UIIMPOBAHHOI'O METOJA
AHAJIM3A UEPAPXHUU CPEJACTBAMHA
KOHCTPYKTUBHO-ITPOAYKIIMOHHBIX CTPYKTYP

Heas. B uccnenoBarnu npeanosiaraercs: 1) pacIIupUTs BO3SMOXKHOCTH KJIACCHYECKOTO METOJIa aHAIIu3a uepap-
xuit (MAW) s 60mBIIOro KOJMYECTBA aNbTEPHATHB M KPUTEPHUEB; 2) MOCTPOUTH MOAETh KOHCTPYKTUBHOTO IIPO-
1ecca MPUHATHS PEIIeHUH C HMCIOJIB30BAaHWEM MOAWMUIIMPOBAHHOTO METOJAa aHAIN3a HEepapXuil C COPTUPOBKOH
(MAUC). Mertoauka. [ OOCTIKEHHWS TIOCTABJIEHHON M€ HCIOJB3YyEeTCS MEXaHW3M KOHCTPYKTHBHO-
npoaykiuoHHbiX cTpykTyp (KIIC). BpImonHeHbl yTOUYHSIONIME MPeoOpa3oBaHUs O0O0OIIEHHONH KOHCTPYKTHBHO-
NPOJXYKIMOHHOM CTPYKTYpbl. Pe3yabTaTsl. PazpaboranHas Mojenb KOHCTPYKTUBHOTO TIpoOliecca MPeICTaBIsIeT Co-
0ol B3amMmojeiicTBue Tpex crpykryp: 1) obmeit KIIC MAUC, koTopas MO3BOJSET ONPEACIUTh albTCPHATHBI
W KPUTEPUH, BBITOJHSIS AEKOMITO3HIINIO HepapXuueckoil cTpykTypsl 3anaun; 2) KIIC rpynnupoBKy U COPTUPOBKH,
KOTOpasi pa30MBaeT Ha IPYMIIbl ATbTEPHATHBBI U KPUTEPUH, PEANTU3Ys ISl KaXKI0H M3 TPYII KIaCCHYECKUH OIHO-
ypoBHeBbIit MAU, a Taxke pacCuMThIBasi OLIEHKH NMapHBIX CPAaBHEHMI Ha OCHOBAHWMHM BBEAEHHBIX NaHHBIX; 3) KIIC
OJIHOYpPOBHEBOI0 Kjaccuueckoro MAU, koropast mo3BosieT 3al10JHUTh MAaTPULLy APHBIX CPAaBHEHUH U paccuuTaTh
paHru anbTepHATHB. Bee Tpu CTPYKTYpHI B3aMMOJCHCTBYIOT MEXKIY CO00# Ha pa3sHBIX YPOBHSAX yTOUHSIOMIHUX Ipe-
00pa30BaHUii: MOCPEICTBOM COTTIACOBAHUS 10 JAHHBIM HA YPOBHE KOHKPETH3AIMH W HCIIOIB30BAHUS PeaTH3alnii.
[IpennosxeHHass MOAETHh MO3BONIMIIA TEPEUTH Ha Oosiee aOCTPAKTHBIA YPOBEHb NPEACTABICHHS Pa3pelICHHUs 3a/1a4
NPUHATHS pemIeHWH U1t OOJNBINOr0 KOJMYECTBa KpPUTEPHEB H  anbTepHatuB. Hayuynasa HoBu3Ha. [lo
pe3ynbrataM palboThl mpesiaraercsl ucnojib3oBarh MexaHusM KIIC s dopmanuzaimn moaudukaunii MAU
C COPTHUPOBKOI IS pa3pelieHus 3a1a4 MPUHATHS PEIICHUH ¢ OOJBIIUM KOJIMYSCTBOM KPUTCPUCB M aJbTCPHATHUR.
IpakTHyeckas 3HaunMocTb. PopManu3anys NpeiCTaBICHUs] KaK caMOro METoJla aHaju3a Uepapxui, TaKk ¥ ero
MoudUKaMH TO3BOJIAET PACIIMPUTH KPYT TPHUMEHEHUs] JaHHOTO MEeTO/1a; YHHU(UIMPOBATh ONMMCAHMS Pa3IMYHBIX
moudukammit MAH. Takoe npencraBieHne 00ecnednBacT BO3MOKHOCTD pa3padOTKH IPOrpaMM JUlsl peasin3auu
THOPUAHBIX MOXU(HKAIMKA JaHHOTO MeToja. Vcronp30BaHNe pa3HBIX MHTEpPIpETAlUii MPEACTaBICHHBIX B CTaThe
KIIC mo3BOIHT UCIONB30BaTh OPYTHE IMOAXOIB! IIPH ONPEAETICHHH COTIIACOBAHHOCTH MAaTPHI] MAPHBIX CPaBHEHUH,
pacdeTa OIIEHOK W BECOB AbTEPHATHB U KPUTEPHEB.

Kniouegvie cnosa: mopnennpoBaHue; KOHCTPYKTHBHO-IIPOYKIIMOHHbBIE CTPYKTYpPbl; KOHCTPYKTHBHBIN IIPOIECC;
METOJ aHAJIN3a UePAPXHIL; MOTUPUKAIIAS
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