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IMPACT OF MATRIX INVERSION ON THE COMPLEXITY  
OF THE FINITE ELEMENT METHOD 

Purpose. The development of a wide construction market and a desire to design innovative architectural build-
ing constructions has resulted in the need to create complex numerical models of objects having increasingly higher 
computational complexity. The purpose of this work is to show that choosing a proper method for solving the set of 
equations can improve the calculation time (reduce the complexity) by a few levels of magnitude. Methodology. 
The article presents an analysis of the impact of matrix inversion algorithm on the deflection calculation in the 
beam, using the finite element method (FEM). Based on the literature analysis, common methods of calculating set 
of equations were determined. From the found solutions the Gaussian elimination, LU and Cholesky decomposition 
methods have been implemented to determine the effect of the matrix inversion algorithm used for solving the equa-
tions set on the number of computational operations performed. In addition, each of the implemented method has 
been further optimized thereby reducing the number of necessary arithmetic operations. Findings. These optimiza-
tions have been performed on the use of certain properties of the matrix, such as symmetry or significant number of 
zero elements in the matrix. The results of the analysis are presented for the division of the beam to 5, 50, 100 and 
200 nodes, for which the deflection has been calculated. Originality. The main achievement of this work is that it 
shows the impact of the used methodology on the complexity of solving the problem (or equivalently, time needed 
to obtain results). Practical value. The difference between the best (the less complex) and the worst (the most com-
plex) is in the row of few orders of magnitude. This result shows that choosing wrong methodology may enlarge 
time needed to perform calculation significantly. 

Keywords: finite element method; FEM; LU; Cholesky; Gaussian elimination; decomposition methods; optimi-
zations 

Introduction 

The development of a wide construction market 
and a desire to design innovative architectural 
building constructions has resulted in the need to 
create complex numerical models of objects having 
increasingly higher computational complexity. 

There are a lot of numerical methods designed 
to provide an approximate solutions to the 
considered problem including finite element 
method (FEM), boundary element method (BEM) 
or finite difference method (FDM). 

The article is organized as follows. The first 
section describes the main characteristics of Finite 
Element Methods for the beam element. The 
second point concerns the computational 
complexity of the FEM. In the next point, an 
estimate of the complexity of the individual stages 
of the FEM is presented. In the fourth section the 

basic methods used to solve set of linear equations 
are presented. The next point is dedicated to the 
presentation and discussion on the complexity of 
the implemented algorithms, depending on the 
implemented matrix inversion method and the 
number of nodes used in calculations. Summary of 
the article is included in section six. 

Purpose 

The purpose of this work is to show that 
choosing a proper method for solving the set of 
equations can improve the calculation time (reduce 
the complexity) by a few levels of magnitude. 

Methodology 

FEM for the beam element: Finite element 
method is one of the most popular tools used in 
engineering calculations. One of the basic 
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assumptions of this method is the abandonment of 
the analytical division of the area for the division 
into a finite number of elements [12]. The 
calculation takes place only at specific points, 
called nodes, and the results for the rest of the area 
are approximated using, so-called, shape functions 
on the basis of the results obtained for each node 
[10], [2], [4]. 

The basic steps in the FEM for the beam 
element can be described as follows [7], [8]: 

− In the first step, we divide the beam in the 
given number of finite elements and select nodes. 
We accept both the local and the global coordinate 
system, 

− Number of components of the displacement 
vector qe need to be set, 

− Shape functions N need to be assumed: 

  [ ]1 2 3 4, , ,N N N N N=  (1) 

Shape functions for the beam construction can 
be assumed as a third degree polynomial written in 
the classical form as: 

 ( )3 2 3
1 3

1 2 3N x lx l
l

= − +  (2) 
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or in the matrix form: 
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The stiffness matrices Ke are determined in 
each node 
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Calculation of substitute nodal loads matrix 
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Calculation of the B matrix that describes the 
deflection at each point of the element with the 
following equation: 
 B LN=  (9) 

where L is the differentiation operator described as 
follows: 

 
2

2
dL y
dx

= −  (10) 

Substituting equations (6) and (10) to (9) gives: 

2
3 12 6 , 6 4yB LN x l lx l

l
⎡= = − − −⎣  

212 6 , 6 2 ,x l lx l ⎤− + − ⎦  (11) 

The stiffness and nodal load matrices are 
aggregated to the global system with application of 
the boundary conditions. 

We solve the equation for the balance of the 
structure (12) identifying unknown deflections u: 

 bKu p=  (12) 

Computational complexity: A key issue 
regarding the performance of all algorithms, 
including FEM [7], is the computational 
complexity or, in other words, computing 
requirements. We call computational requirements 
all the necessary arithmetic operations that need to 
be performed during calculations. 

The concept of computational complexity is 
also associated with the issue of the resources 
availability. Resources can be defined in the form 
of time or memory [8], [9]. 

− Time complexity – the measurement of the time 
complexity is performed by the calculation of the 
number of basic operations that depend on the size of 
the input data. Measuring the actual clock time can 
vary depending on the implementation of the 
algorithm, computing machine or a compiler used. 

− Memory complexity – the memory comp-lexity 
expresses the amount of memory used, expressed as 
the number of memory cells in a function of the size of 
input data or expressed in bits or bytes, to perform 
specific computing. 
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The creators of complexity theory are Juris 
Hartmanis and Richard Stearns [3]. It can be said 
that the larger the scale of the problem and thus the 
larger size of the input data, the more resources it 
will need to perform computing operations [12]. 

A common way to compare the complexity of 
various algorithms is to determine their asymptotic 
growth rate. It is a measure of the time 
requirements with increasing size of the input data. 
It can be said that it describes how quickly time 
requirements are changing. 

To describe the asymptotic growth rate so-
called O notation is used. It can be said that  
a function f has a complexity of O(g(n)) if there is 
a positive constant value c and non-negative value 
N satisfying the condition: 

 ( ) ( ) for .f n cg n n N≤ ≥  (13) 

In the remainder of this article the above 
notation will be used to determine the 
computational complexity of different stages of 
FEM algorithm. 

Estimating the complexity of the FEM 
algorithm: In this section we will investigate the 
complexity of the different stages of the FEM 
algorithm and we will assess its impact on the 
complexity of the entire algorithm. 

a) Dividing the Ω area into finite elements. 
In the case of beam element, this step has  

a very low complexity, which can be estimated as 
O(n). 

b) Adoption of shape functions vector eN  and 
degrees of freedom eq . 

The complexity of this stage is constant and is 
equal to O(1). It is due to the fact that regardless 
the size of the problem (e.g. number of nodes), this 
step is performed only once. 

a) Calculation of elementary stiffness matrices 
eK  and nodal loads vectors eQ . 
This step, similar like the previous one, has the 

complexity of the order of O(1). This is because 
the number of selected nodes does not affect the 
complexity of calculating the elementary matrices 

eK  and eQ . 
b) Aggregation of the stiffness matrix K and the 

loads vector Q for the entire object. 
The complexity of this stage is linear and thus 

can be noted as O(n). This is related to the need to 
add the eK  matrix to the aggregated matrix K  
n-times. 

b) Boundary conditions. 
Because taking into account boundary 

conditions takes place only at the ends of the beam 
it not depend on the number of nodes. It is 
therefore assumed that this step has a complexity 
of the order of O(1). 

a) Solving Kq Q=  equation 
On the basis of the literature it can be stated that 
the complexity of this stage is in the order of O(n3). 

Methods of solving equations set: As shown in 
section 4 the most complex part of each of the 
algorithms is a step designated to solve the set of 
equations. This problem is even more complex in 
the case of finite element methods because this 
method has to generally deal with matrices of 
considerable sizes, which entails the need of 
conducting significant number of mathematical 
operations. Below, collection of the most popular 
methods for solving linear sets of equations (and 
matrix inversion), which can be found in the 
literature is presented. 

The method of algebraic complements: 
Application of this method requires the 
appointment of an inverse matrix which 
subsequently need to be multiplied by the vector of 
the right side values. The algorithm for inverse 
matrix calculation can be presented in a following 
steps [3]: 

− Calculation of the determinant of the matrix 
A, 

− Calculation of the algebra complements of all 
elements of a matrix, 

− Transposition of the matrix containing 
algebraic complements, 

− Determination of the inverse matrix. 
These steps can be represented by the following 

formula: 

 

11 12 1
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1
det

T
n

n

n n nn

D D D
D D D

A
A

D D D

−

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 (14) 

where detA is the determinant of a matrix A and the 
11D , 12D , …, nnD represent the algebraic 

complement values of consecutive elements of 
matrix A [12]. 

Gauss-Jordan method: This method is another 
method whose immediate goal is to determine the 
inverse matrix (further step in the form of 
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multiplication of inverse matrix and right values 
vector need to be performed). Gaussian elimination 
is also called matrix method of the attached 
identity matrix. 

To find the inverse of a matrix A the following 
set of equations need to be solved: 

 AB I=  (15) 

where: A – output matrix, B – inverse matrix, I – 
identity matrix. It is necessary for both sub-
matrices [ ]|A I  to multiply them by matrix B, to 
get the matrix 
 [ ]|AB IB  (16) 

Taking into account that 1B A−=  the 
[ ] 1| |A I I A−⎡ ⎤→ ⎣ ⎦  is obtained. In order to get the 

inverse of matrix A the sub-matrix A in the [ ]|A I  
need to be converted to unitary sub-matrix with the 
use of elementary operations on the rows. 

Gauss elimination: This method was developed 
by a famous German mathematician Carl Friedrich 
Gauss [6]. Its purpose is to bring the matrix to 
form a stepwise matrix (Lower or Upper triangular 
matrix) using elementary operations on the rows. It 
should be also checked the existence of solution by 
using the Kronecker-Capelli theorem. 

Cholesky decomposition: Every positively 
definite matrix A can be written as [11, 5, 13] 

 TA L L= ⋅  (17) 

where: L – the lower-triangular matrix with 
positive values on the main diagonal, referred to as 
the «square root» of positive definite matrix A. 

In equation (17), the unknowns are the 
elements of the matrix L: 

 

11

21 22

1 2n n nn

l
l l

L

l l l
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⎢ ⎥
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⎢ ⎥
⎢ ⎥
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 (18) 

Using the formulas for calculating the matrix 
product it is possible to describe the relations that 
allow to calculate individual elements of the matrix 
L . As a result: 

11 11 2111 21

21 2221 22 22

0

0

TT

T

l l La A
L LA A L

⎡ ⎤⎡ ⎤ ⎡ ⎤
= =⎢ ⎥⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

2
11 11 21

11 21 21 21 22 22

T

T T

l l L

l L L L L L

⎡ ⎤
= ⎢ ⎥

+⎢ ⎥⎣ ⎦
 (19) 

thus 
 11 11l a=  (20) 

and 

 21 21
11

1L A
l

=  (21) 

It can be also noticed that: 

 22 22 22 21 21 22 21 21
11

1T T TL L A L L A A A
a

= − = −  (22) 

Solving of equations Ax b=  is performed in 
two stages: 
 Ax b=  (23) 

 TLL x b=  (24) 

 Ly b=  (25) 

 TL x y=  (26) 

Solving the Ly b= equation 

 1
1

11

by
l

=  (27) 

 
1
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j
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b l y
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l

−

=
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Solving the TL x y=  equation 

 n
n

nn

yx
l

=  (29) 

 1 , 1, 2,...,1
n

i ik kk i
i

ii

y l x
x i n n

l
= +

−
= = − −∑  (30) 

Expression (22) is so-called the Schur comple-
ment. Due to the positive value of the expression 
for positive definite matrix, decomposition algo-
rithm can be applied to the matrix diminished by 
first row and first column. 

LU decomposition: The method of LU 
decomposition is to produce a matrix A as  
a product of two triangular matrices: lower L and 
upper U with the addition of zero elements, above 
and below, respectively, the main diagonal of the 
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matrix [1]. This formally can be written as: 

 A LU=  (31) 

where: 

 

11

21 22

1 2

0 0
0
0

n n nn

l
l l

L

l l l

⎡ ⎤
⎢ ⎥
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 (32) 

and 

 

11 11 1

22 20

0 0

n
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nn

u u u
u u

U

u

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
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 (33) 

Analyzed set of equations can be described as: 

 LUx y=  (34) 

Solving the equation (34) is achieved by 
solving two sets of equations: 

 Lz y=  (35) 

 Ux z=  (36) 

In this way, we obtain a searched vector x. 

Findings 

This section provides an analysis of the 
computational requirements of different matrix 
inversion algorithms for finite element method. 

The calculations were performed for the fixed-
end beam of the length equal to lx = 6.5 m, loaded 
with a uniformly distributed load q equal to 15 kN 
/ m, which diagram is shown in Fig. 1. 

 
Fig. 1. Scheme of the investigated beam 

For each method, the calculations of deflection 
of the beam, which is presented in Fig. 2, divided 
into 5, 50, 100 and 200 nodes have been 
performed. The process of calculation of the 
equation (12) has been carried out using the Gauss 
method, Cholesky decomposition and LU 
decomposition. In addition, each method has been 
further optimized. This optimization consisted in 
the use of some knowledge of matrices. For 

example, it has been taken into account that the 
matrices are symmetrical and contain a large 
number of coefficients equal to 0, which meant 
that some multiplications and additions can be 
omitted when performing calculations. The 
obtained results have been shown in the latter part 
of this section. 

 

 
Fig. 2. Deflection of the beam for 5 (top) and 50  
(bottom) nodes calculated with the use of FEM  

and accurate methods 

Table 1 presents the number of mathematical 
operations performed during calculation of the de-
flection of the beam divided into 5 nodes, depend-
ing on the implemented method for matrix inver-
sion (solving equation set). 

Second column shows the assignment 
operations necessary to be performed. Assignment 
operations are the operations of saving the 
calculated values in the memory of the computer 
(after the value is calculated it needs to be stored in 
the memory). The third column shows the number 
of addition operations and in subsequent columns, 
number of multiplications, divisions and square 
root calculations are presented. Last column 
presents the total number of required operations 
(sum of the operation of the preceding columns). 
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Table 1  

Number of mathematical operations for different 
implemented algorithms, FEM methodology, 

division into 5 nodes 

Method Gauss Opt. 
Gauss

LU Opt. 
LU 

Cholesky Opt. 
Cholesky

Assignments 106 74 72 60 98 84 

Additions 85 56 120 56 91 79 

Multi-plications 85 56 120 56 65 54 

Divisions 21 18 21 18 32 31 

Square roots 0 0 0 0 6 6 

Total 297 204 333 190 292 254 
 
Hereafter the name basic methods has been 

used regarding the Gauss, LU decomposition and 
Cholesky decomposition methods while the term 
optimized methods has been used regarding the 
optimized versions of these algorithms. 

Comparing the Gauss method to the optimized 
Gauss method it can be noticed that the number of 
arithmetical operations performed is reduced by 
about 31%. For the LU decomposition method and 
its optimized version complexity reduction is at the 
level of 43%. In the case of optimized Cholesky 
decomposition method compared to its non 
optimized version the profits is equal to 
approximately 13%. 

While taking into account the non optimized 
versions of the algorithms the number of 
operations performed by a Cholesky method is the 
smallest. However, while taking the optimized 
versions into account more preferably is to use LU 
and Gauss method. 

For 50 nodes, we can observe a significant re-
duction in the number of mathematical operations 
required to perform for optimized algorithms com-
pared to basic methods. The obtained results are 
shown in Table 2. Reduction of the number of 
arithmetic operations in the Gauss method and LU 
decomposition compared to their non optimized 
methods is about 99.5%. The difference between 
these two optimized methods is however low and 
is equal to about 2.5% in favor of the LU method. 
Basic Cholesky method gives results more than 
17% better (in terms of required complexity) com-
pared to other basic methods. Optimization of this 
method gives a gain of about 96%. However, the 
situation is changing if optimized methods are 

compared because other methods are more than 
80% less complex. 

Table 2  

Number of mathematical operations for different 
implemented algorithms, FEM methodology, 

division into 50 nodes 

Method Gauss Opt. 
Gauss

LU Opt. 
LU 

Cholesky Opt. 
Cholesky

Assign-
ments 

304096 1784 18432 1320 161408 2244 

Additions 299440 1406 4468801406 299536 14884

Multi-
plications 

299440 1406 4468801406 156560 1674 

Divisions 4656 378 5646 378 143072 13306

Square 
roots 

0 0 0 0 96 96 

Total 907632 4974 9168484510 760672 32204
 
For 100 nodes (see Table 3) application of the 

optimized methods result in a reduction in the 
number of arithmetic operations performed in 
relation to the basic methods, even by three orders 
of magnitude, giving a gain of 99.9%. It is also 
worth noting that optimized LU decomposition 
method requires 10 % less operations than the 
optimized Gauss method and 92% fewer than the 
Cholesky method. 

Table 3  

Number of mathematical operations for different 
implemented algorithms, FEM methodology, 

division into 100 nodes 

Method Gauss Opt. 
Gauss

LU Opt. 
LU 

Cholesky Opt. 
Cholesky

Assign-
ments 

2548196 3684 76832 2720 1312808 4644 

Additions2528890 2906 37837802906 2529086 59834

Multi-
plications

2528890 2906 37837802906 1293110 3474 

Divisions 19306 778 19306 778 1236172 56556

Square 
roots 

0 0 0 0 196 196 

Total 76252821027476636989310 6371372 124704
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Table 4  

Number of mathematical operations for different 
implemented algorithms, FEM methodology, 

division into 200 nodes 

Method Gauss Opt. 
Gauss 

LU 

Assign-ments 20856396 7484 313632 

Additions 20777790 5906 31127580 

Multi-
plications 

20777790 5906 31127580 

Divisions 78606 1578 78606 

Square roots 0 0 0 

Total 62490582 20874 62647398 

End of  table 4  

Method Opt. LU Cholesky Opt. Cholesky

Assign-ments 5520 10585608 9444 

Additions 5906 20778186 239734 

Multi-
plications 

5906 10506210 7074 

Divisions 1578 10272372 233056 

Square roots 0 396 396 

Total 18910 52142772 489704 
 
By analyzing the amount of necessary 

operations to be performed for 200 nodes (Table 4) 
it can be noticed that the difference between the 
optimized versions and the basic algorithms is in 
the order of four orders of magnitude (profit is 
more than 99.99%) for the Gauss method and LU 
decomposition. Profit for the Cholesky 
decomposition between the basic version and its 
optimized version reaches the value of 99%. 

Similar as for 100 nodes the difference between 
the optimal versions of LU and Gauss is still 
around 10% (in favor of the LU decomposition 
method). Optimized Cholesky method offers the 
highest complexity compared with other optimized 
algorithms where number of required operations is 
more than 95% lower. 

The basic version of Cholesky method is about 
16% less complex compared to other methods 
considered. 

 

Originality and practical value 

The main achievement of this work is that it 
shows the impact of the used methodology on the 
complexity of solving the problem (or 
equivalently, time needed to obtain results). The 
difference between the best (the less complex) and 
the worst (the most complex) is in the row of few 
orders of magnitude. This result shows that 
choosing wrong methodology may enlarge time 
needed to perform calculation significantly. 

Conclusions 

In the article the impact of the method used for 
calculating the equations set on the number of 
arithmetic operations performed is investigated. 
Deflection of the beam when divided into 5, 50, 
100 and 200 nodes using the finite element method 
has been calculated. To solve the set of equations 
the Gauss method, LU and Cholesky 
decomposition methods were implemented. In 
addition, for each method an optimized version of 
the algorithm was also investigated, what was 
intended to further reduce the number of 
computational operations performed. It was found 
that in order to maximally reduce the number of 
necessary to conduct operations at first the 
advantage of all known properties of the resulting 
matrix should be taken. Afterwards, the selection 
of a method that aims at the highest possible 
reduction of complexity in solving the system of 
equations should be made. 

In the case of optimized methods number of 
operations can be reduced, by several orders of 
magnitude. It is also important to choose a proper 
method because in the basic versions it is 
preferably to choose Cholesky method while the 
worst choice is the LU decomposition. However, 
the situation changes for the optimized methods. 
The best results are observed for LU 
decomposition method giving a gain of 3–10% 
compared to the Gaussian method, and more than 
90% compared to the for the Cholesky method. 

It was also found that the highest differences 
between the complexity of the methods are 
observed if the beam is divided into a larger 
number of nodes. 
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ВЛИЯНИЕ ОБРАЩЕНИЯ МАТРИЦЫ НА СЛОЖНОСТЬ МЕТОДА 
КОНЕЧНЫХ ЭЛЕМЕНТОВ 

Цель. Развитие обширного строительного рынка и стремление проектировать инновационные 
архитектурные строительные конструкции привели к необходимости создания сложных численных моделей 
объектов, у которых возрастает сложность вычислений. Цель данного исследования – показать, что выбор 
правильного метода для решения системы уравнений может улучшить время расчета (уменьшить 
сложность) на несколько уровней величины (амплитуды). Методика. В статье представлен анализ влияния 
алгоритма обращения матрицы на расчет прогиба в балке с использованием метода конечных элементов 
(МКЭ). На основе анализа литературы были определены общие методы расчетных систем уравнений. 
Используя найденные решения, были применены методы исключения переменных Гаусса, разложения LU 
матрицы и разложения Холецкого с целью определения влияния алгоритма обращения матрицы, 
используемой для решения комплекса уравнений, на количество выполненных вычислительных операций. 
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Кроме того, каждый из реализованных методов был в дальнейшем оптимизирован, тем самым уменьшая 
количество необходимых арифметических операций. Результаты. Эти оптимизации были выполнены  
с использованием определенных свойств матрицы, таких как симметрия или значительное число нулевых 
элементов в матрице. Результаты анализа представлены для разделения балки на 5, 50, 100 и 200 узлов, для 
которых был рассчитан прогиб. Научная новизна. Главным достижением данной работы является то, что 
она показывает влияние используемой методики на сложность решения задачи (или, что одно и то же, на 
время, необходимое для получения результатов). Практическая значимость. Разница между лучшим 
(менее сложным) решением задачи и худшим (более сложным) находится в ряде нескольких порядков 
величины. Результаты показывают, что при выборе неправильного метода может значительно увеличиться 
время, необходимое для выполнения расчета. 

Ключевые слова: метод конечных элементов; разложение LU матрицы; Холецкий; исключение методом 
Гаусса; методы разложения; оптимизации 
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ВПЛИВ ЗВЕРНЕННЯ МАТРИЦІ НА СКЛАДНІСТЬ МЕТОДУ 
КІНЦЕВИХ ЕЛЕМЕНТІВ 

Мета. Розвиток великого будівельного ринку та прагнення проектувати інноваційні архітектурні 
будівельні конструкції призвели до необхідності створення складних чисельних моделей об’єктів, у яких 
зростає складність обчислень. Мета даного дослідження – показати, що вибір правильного методу для 
вирішення системи рівнянь може поліпшити час розрахунку (зменшити складність) на кілька порядків 
величини (амплітуди). Методика. У статті представлений аналіз впливу алгоритму звернення матриці на 
розрахунок прогину в балці з використанням методу скінченних елементів (МСЕ). На основі аналізу 
літератури були визначені загальні методи розрахункових систем рівнянь. Використовуючи знайдені 
рішення, були застосовані методи виключення змінних Гаусса, розкладання LU матриці і розкладання 
Холецкого з метою визначення впливу алгоритму звернення матриці, використовуваної для вирішення 
комплексу рівнянь, на кількість виконаних обчислювальних операцій. Крім того, кожен із реалізованих 
методів був надалі оптимізований, тим самим зменшуючи кількість необхідних арифметичних операцій. 
Результати. Ці оптимізації були виконані з використанням певних властивостей матриці, таких як симетрія 
або значне число нульових елементів у матриці. Результати аналізу представлені для поділу балки на 5, 50, 
100 і 200 вузлів, для яких був розрахований прогин. Наукова новизна. Головним досягненням даної роботи 
є те, що вона показує вплив використовуваної методики на складність вирішення задачі (або, що одне й те 
ж, на час, необхідний для отримання результатів). Практична значимість. Різниця між кращим (менш 
складним) рішенням задачі і гіршим (більш складним) знаходиться в ряді декількох порядків величини. 
Результати показують, що при виборі неправильного методу може значно збільшитися час, необхідний для 
виконання розрахунку. 

Ключові слова: метод кінцевих елементів; розкладання LU матриці; Холецький; виключення методом 
Гаусса; методи розкладання; оптимізації 
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