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MODELING OF DEVELOPMENT VERTICAL DEFORMATION
OF RAILWAY TRACK

Purpose. State of railway track must meet the conditions of safety, comfort and smooth ride. The presence of ir-
regularities deteriorates the dynamics of interaction of track and rolling stock, causes speed limiting, creates the pos-
sibility of movement safety violation. This brings up the question concerning the study of the factors leading to the
possibility of track irregularities and the process of their development. The purpose of this paper is to analyse the
processes of emergence and development of irregularities in the area of unequal vertical elasticity of railway track
using mathematical modelling. Methodology. Railroad under the trains works as the system of elastic bodies, so the
emergence and development of irregularities can be represented as the transition from elastic to permanent strain.
Irregularity development will affect the dynamics of interaction between track and rolling stock not only at the
wheel location directly in the area of irregularity, but also at a certain distance beyond. Therefore, to study the de-
velopment of irregularities, including those along the track, it is necessary to model the process of wheel load
movement along the area. The adopted model consists of a wheel set moving on inertia-free beam and resting on
individual supports. It is described by Lagrange differential equations. The work introduced the hypothesis that the
level of permanent strain is distributed in proportion to the dynamic deflection derivative. Findings. Location of
vertical longwise irregularity does not necessarily reproduce the location of the problem area. While in operation the
vertical irregularity extends not only in depth but also along the track, herewith the increase in length is accompa-
nied by the displacement of local maxima and the emergence of new ones. This leads to the development of so-
called «pits» when approaching unequal-elastic areas. Originality. The work provides further development of tasks
for track and rolling stock interaction modelling, in particular aimed to take into account the unequal elasticity areas
and their influence on the formation of the track irregularities. The paper proposes new approaches to modelling the
transition from elastic to permanent strain that allows predicting the development of track irregularity sizes depend-
ing on the area characteristics. Practical value. The results obtained by the author can be used to determine the
schedule for track equal elasticity renovation works, as well as to analyse the measures aimed at the prevention of
irregularities in areas with variable elasticity of railway track.

Keywords: track; track irregularity; rail deflection; unequal elasticity of track; interaction of track and rolling
stock; railroad crossing

During the track operation, even if it is in full
compliance with the standards, various geometric
During the whole period of operation the rail- irregularities are gradually emerging and develop-
way track must meet the desired conditions, espe- ing. Their elimination and prevention are reputed
cially the possibility to implement the set speeds. It  to be the main task of interim track repairs and its
is the practice to assess the track state by the indi-  current maintenance [11].
ces of its geometric position.

Introduction
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The presence of significant irregularities dete-
riorates the dynamics of interaction of track and
rolling stock, prevents from comfort riding and
even creates the possibility of movement safety
violation. When reaching a certain size the irregu-
larities cause speed limiting [14]. This issue is of
particular relevance in terms of modern trends of
increasing velocity [7, 15], whereas the track main-
tenance rules in this case are more demanding.

Many modern scientific papers are devoted to
problems related to the study of track irregularities.
They cover the question of their influence on the
train dynamic performance [8, 10, 17, 20], as well
as the means and methods of their measurement
and evaluation [12, 16], and the design of measures
to strengthen the rail support layers to avoid the
emergence of irregularities [18, 19, 21], etc.

This brings up the question concerning the
study of the factors leading to the possibility of
track irregularities and the process of their devel-
opment. Given that railway track under the trains
works as the system of elastic bodies, the emer-
gence and development of irregularities can be rep-
resented as the transition from elastic to permanent
strain And that is emphasized in many scientific
studies, the cause of this is usually the areas of lo-
cal unequal elasticity.

Unequal elasticity of rail support can occur in
different cases. This may be a result of railway
track state violations — presence of track depres-
sion, unsuitable fastenings, ballast pollution, etc.
[1, 20]. The most prone to the unequal elasticity
development areas are those with heavy traffic or
leaning on weak soils. Besides the track unequal
elasticity can be caused by structural features, such
as adjacency to non-ballast bridges [13], presence
of crossings [6, 22], etc.

Purpose

The purpose of this paper is to analyse the pro-
cesses of emergence and development of irregu-
larities in the area of unequal vertical elasticity of
railway track using mathematical modelling.

Methodology

Today there are many different methods of
physical and mathematical modelling for interac-
tion of railway track and rolling stock. Depending
on the problem to be solved, one can use both rela-
tively simple two-dimensional design models and

developed models, which include the systems with
dozens of equations. Despite the fact that this re-
fers to the interaction of track and rolling stock,
still the problems focused on the rolling stock
study, and those focused on the railway track study
have fundamental differences. Rolling stock mod-
els are, in most cases, the systems of motion (vi-
brations) of the interconnected solids. Typically for
the mathematical description of these models use
the rail track more appropriate to describe not
move through solids, and because of their deform-
ity. Typically such models are mathematically de-
scribed by D'Alembert's principle. Railway track
operation is more naturally described not as motion
of solids, but the strains thereof. Therefore, the
railway track is more often mathematically de-
scribed by the models based directly on elasticity
or its numerical representations, such as FEM (fi-
nite element method) and others. Thus, using FEM,
the authors of the works [9, 10] examined the ac-
cumulation process of track vertical strain in the
experimental section caused by polycyclic applica-
tion of force. The essence of modelling process
described in these works was as follows. The first
calculation resulted in sleeper displacement in
a vertical plane due to the applied load. The calcu-
lation is repeated for subsequent iterations, but
each sleeper displacement acquired in the previous
calculation is retained in the form of air gap.

The calculation results of iterative simulation
for track settlement are shown in Fig. 1. So the
work [10] presents the conclusion that the increas-
ing number of iterations (tonnage pass) leads to the
development of track settlement, but the speed of
this process over time decreases.

Increasing irregularity affects the dynamics of
interaction between track and rolling stock. Here-
with this effect will be significant not only at the
wheel location directly in the area of irregularity,
but also at a certain distance beyond (due to the
gradual stabilization of vibrations and force redis-
tribution among the bogie wheels). Therefore, to
study the development of irregularities (including
those along the track) it is necessary to model the
process of wheel load movement along the area.

Given that all factors except vertical dynamics
are irrelevant for this problem, we adopted a sim-
plified model consisting of a wheel set moving on
inertia-free beam (rail), resting on individual sup-
ports (sleepers). The modelling took into account
the load transmitted from the wheel set, hard and
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dissipative connections between bodies of the
model, the possibility to set different hardness for
each support and geometric outline of the rail in
the vertical plane, Fig. 2.

Fig. 1. Calculations results of iterative FEM
modelling of track settlement [10]:
P —external load; Y — settlement; X — distance from
the force application point; N —iteration number
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Fig. 2. Design model of interaction between track
and rolling stock:
1 — wheel; 2 —rail; 3 —sleepers; 4 — sleeper support

The mathematical description of the model con-
sists of a system of Lagrange differential equations
of second kind and has no fundamental differences
from similar works [2, 4].

Separation of permanent strains from total ones
is a complex scientific problem, especially for mul-
tilayer systems such as railway track.

Establishing direct linear dependence of the
permanent strains values on the total ones violates
the adequacy of the model, especially under condi-

tions of stress, which is much lower than the level
of strength (which is more typical for passenger
traffic). In this case, the cause of permanent strains
will be not the track deflections, but their longwise
unevenness. Therefore the hypothesis was adopted
that increase in permanent strains for the next step
of iteration (Az_, (x)), determined by passed

perm

tonnage (7' ), is distributed along the area (x) in

proportion to dynamic deflection derivative
z dyn ('x )
dzy,, (x)
Az (x)~ L,
perm( ) dx
AZ o (X) < F(T), . 1)

3x, AZpenn (x)=f(T)

Findings

The proposed approach allows exploring the
process of irregularity emergence caused by the
track unequal elasticity and its subsequent devel-
opment while in service.

Let’s consider the calculation procedure based
on the example with actual numerical output data.
We assume the railway area with the place of local
unequal elasticity, described by linear change of
rail support elasticity modulus from 40 to 30 MPa
in the middle of the area over 5 m length [5]. This
corresponds to the following sequence performed
to supports (sleepers):

U ={40,...,40,37,33,30,33,37, 40, ..., 40} . (2)

The first calculation is performed for the track
without irregularities. Figure 3 shows the model-
ling results in the form of the area dynamic long-
wise deflection caused by passing rolling stock.
The deflection in the zone of constant modulus of
rail support elasticity corresponds to the analytical
calculations by the known formula [2, 3]

Pk
z(x) U 3)
where P — wheel vertical force acting on the rail;
k —relative rigidity factor.
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Fig. 3. Dynamic rail deflection for irregularity-free
areas with local unequal elasticity:
1 — unequal elasticity zone; 2 — rail deflection

The algorithm (1) allowed determining the per-
manent strains and transferring them to the model
as initial geometric track irregularity for the next
iteration. Thus, the process of gradual development
of irregularities is modelled — Fig. 4. For visual
separation of results the iteration sequence in Fig.
4 is shown with omitted intermediate steps.
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Fig. 4. Modelling of track irregularity development
in the area of local unequal elasticity:
1 ... 6 —sequence of calculation iterations

Similar to the considered numerical example
there were performed variant calculations for vari-
ous input data. The study results allow us to estab-
lish certain tendencies. The irregularity outline,
which is formed by permanent strains, reproduces
neither the outline of dynamic rail deflection nor
the outline of initial unequal elasticity. The perma-
nent strains acquire a maximum at the entrance and
exit of the dynamic irregularity (first it is unequal
elasticity zone, which disturbs the trajectory of the
wheel passing over it, and then — its merge with
geometric (static) irregularity). While in operation

the vertical irregularity extends not only in depth
but also along the track, herewith the increase in
length is accompanied by the displacement of local
maxima and the emergence of new ones. Devel-
opment of irregularities with a gradual shift of
peaks leads to the fact that it itself becomes more
significant factor of additional force interaction
compared to the original one — local unequal elas-
ticity, causing further expansion and shift of ir-
regularity. The result is that the geometric irregu-
larity does not always strictly coincide with the
location of cause of its formation.

In the above example (Fig. 4) the cause of ir-
regularity formation was unequal elasticity zone.
But once irregularity reaches a certain size, it is the
one that defines the dynamics of interaction be-
tween track and rolling stock and, consequently,
further development of the process. To demon-
strate this observation the iterations in the previous
example were stopped at formation of II-degree
deflection [14] — the line «3» in Fig. 4. Further cal-
culations include the constant modulus of rail sup-
port elasticity along the whole area. The resulted
outline of the irregularity is shown in Fig. 5. For
comparison, this figure also imposed irregularity
from the previous example (line «6» in Fig. 4).
Figure 5 shows that local irregularity area had al-
ready no significant effect on the development of
irregularities.
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Fig. 5. Modelling of track irregularity development
for different variants of area state:

1 — initial irregularity; 2 — irregularity formed in view
of effect of initial unequal elasticity zone; 3 — irregularity,
formed by the output of the conditions of area
equal elasticity restoration
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Fig. 6. Modelling of track irregularity
in the crossing area:
1 ... 6 —sequence of calculation iterations

In some cases, the formation of track unequal
elasticity zone might arise not from maintenance
errors, but from design peculiarities, for example,
transition area from ballast track to the bridge [13]
or crossing zone [5, 6]. Based on the proposed
method the development of vertical irregularities in
the crossing zone was modelled. The crossing zone
in the output data is a track area with high increase
in modulus of rail support elasticity [6]:

U ={40,...,40,120, ...,120, 40, .., 40} .~ (4)

The above example shows that the presence of
the crossing, having formed a zone of increased
modulus of rail support elasticity, provokes the
emergence of track irregularity. The maximum
amplitude of such irregularity will be located at the
beginning and at the end of the formation. Over
time of area operation, the irregularity will de-
velop, along the track as well, that will lead to the
emergence of «gaps» outside the structure. These
findings correlate with the results of statistical
processing of field measurements of irregularities
ahead of non-ballast bridges and in the crossing
area, that are given in the works [5, 6, 13] and oth-
ers.

Originality and practical value

The work provides further development of
tasks for track and rolling stock interaction model-
ling, in particular aimed to take into account the
unequal elasticity areas and their influence on the
formation of the track irregularities.

The paper proposes new approaches to model-
ling the transition from elastic to permanent strain
that allows predicting the development of track

in areas with variable elasticity of railway track.

Conclusions

One of the main causes of geometric irregulari-
ties should be considered track unequal elasticity.

Location of vertical longwise irregularity does
not necessarily reproduce the location of the prob-
lem area.

While in operation the vertical irregularity ex-
tends not only in depth but also along the track,
herewith the increase in length is accompanied by
the displacement of local maxima and the emer-
gence of new ones.

The irregularity amplitude increase intensity in
place of its original formation is reduced over op-
erating time, but the process evolves in other plac-
es, resulting in development of so-called «pits»
when approaching unequal-elastic areas.
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MOJEJIOBAHHS ITPOIIECY PO3BUTKY
BEPTUKAJBHUX JE®OPMALIN 3AJI3BHUYHOI KOJIII

Merta. CraH 3ami3HHYHOI KOJIii MOBIHHEH BiINOBIiTaTH YMOBaM Oe3IeKH PyXY, IUIABHOCTI i KoM(pOpTaOeIbHOCTI
i3mu. HasiBHICTS HepiBHOCTEH MOTipIIye TUHAMIKY B3a€MOI1 KOJIiT Ta pyXOMOTO CKIIQAy, CTA€ MPUINHOIO OOMEKEH-
Hsl IIBHUAKOCTI PyXy, CTBOPIOE MOXKIIUBICTh NMOPYIIEHHA yMOB Oe3neku pyxy. [locrae muraHHs nociifkeHHs BaKTo-
piB, IO IPHU3BOISATH 10 MOXIIMBOCTI YTBOPEHHS HEPIBHOCTEH KOl Ta mpoliecy ix po3BUTKY. MeToro n1aHoi podoTn
€ aHai3 MPOIECiB BUHUKHEHHS Ta PO3BUTKY HEPIBHOCTEH y 30HI BEpTHKAIBHOI HEPIBHONPYKHOCTI 3aJli3HUYHOL
KOJIii i3 3aCTOCYBaHHSIM MAaTEMAaTUYHOTO MOJIC/FOBaHHS. MeToauka. 3ai3HUYHA KOs TMiJ MOI34aMHu MPaIoe K
cUcTeMa IMPY)XHUX TUI, TOMY IIOSiBA Ta PO3BUTOK HEPIBHOCTEH MOXKHA NPEICTaBUTH SIK MPOLIEC NEPEXOAy Bif
NPY>KHHUX [0 3JTMIIKOBUX Jedopmariil. 301IbIIeHHsT po3MipiB HEPIBHOCTI Oy/e BIUIMBATH Ha JUHAMIKY B3a€MOJIl
KOJIIT Ta pyXOMOTO CKJIaJly He TIJIbKM IIiJ] Yac pO3TalllyBaHHS Kojeca Oe3rnocepeaHbO B 30HI HEPIBHOCTI, a W Ha
neBHil Bifgcraui 3a ii mexamu. Tomy Uit JOCHIIKEHHS PO3BUTKY HEPIBHOCTI, B TOMY YHCII MO JIOBXHHI KOIii,
HEOOXiTHO MOJIeNIOBaTH caMe IIpolec pPyXy KOJICHOrO HaBaHTaXeHHA no austHui. [lpuitata Monens, sika
CKJIAJIAETBCA 13 KONICHOI Mapw, IO PyXaeThes MO Oe3iHepIiiHil Oamnii Ta omupaeThcsi Ha Ookpemi omopu. Bona
OMHCY€ETBCS CcHCTeMOI0 audepeHUiiHNX piBHAHD Jlarpamka. BBemeHa rimore3a, MO piBeHb 3aNHIIKOBHX
nedopManii  pO3MOAUIAETHCS TMPOMOPIIHHO TMOXIAHIH AWHAMIYHOTO TIporWHY. Pe3yasTtaTH. Po3ramyBanHS
BEpPTUKAIHHOI HEPIBHOCTI IO TOBXKHHI HE 000B’SI3KOBO MOBTOPIOE MICIIE MOJIOKEHHS MPOOIeMHOI MiJSHKA. 3 4acoM
eKCIuTyaTarlii BepTHKaJbHA HEPIBHICTh IOMMPIOETHCS HE TUIBKM B TAHOWMHY, a W Y3[0OBX KOJii, MpHUOMY
30UIBIIEHHS JOBXXKHUHH CYIIPOBOXKYETHCS 3MIILIEHHSIM ITOJIOKEHHS JIOKaIbHIUX MaKCUMyMIB Ta MOsBOIO HOBHX. Lle
NPU3BOJNUTH JI0 PO3BUTKY TaK 3BAaHMX <«(SIM» Ha MiJXOJl JI0 HepiBHONPYKHOI AinsHku. HaykoBa HoBu3Ha. HaOynu
MOJIaJIBIIIOT0 PO3BUTKY 3a/1aui MOJICIIOBAHHS B3a€EMOIIT KOJIIi 1 pyXOMOT0 CKJIajly, 30KpeMa JJisi BpaxyBaHHs AIISTHOK
HEepiBHONIPYXXHOCTI Ta IX BIUIMBY Ha YTBOPEHHS HEpIBHOCTEH KoJjiii. 3ampoIrioHOBaHI HOBI MiIXOAW MO0
MOJICTIFOBaHHS TIPOLIECy Iepexoy BiJl MPYXKHHUX /0 3aJMIIKOBUX Aedopmaliif, ski Aal0Th 3MOTY NPOTHO3YBaTH
PO3BUTOK PO3MIpiB HEPIBHOCTEH KOJIii B 3aJIC)KHOCTI Bil XapaKTEpUCTHK MiNSHKH. IIpakTHYHA 3HAYNMICTB.
OTprMaHi aBTOPOM pe3yJIbTATH MOXYTh OyTH BHKOPHCTaHI IS BU3HAYCHHS TEPMiHIB MPU3HAYECHHS PEMOHTHHX
POOIT i3 OHOBIICHHS PiBHOIPYKHOCTI KOJIi, a TAKOX JJISl aHANII3Y 3aX0/iB, COIPSIMOBAHHAX Ha 3aMl00ITaHHS PO3BHUTKY
HEpPIiBHOCTEH Y 30HAX 13 3MIHHOIO MPYXKHICTIO 3aTi3HHYHOI KOJIii.

Kniouosi cnosa: 3ani3HIYHA KOIis; HEPIBHICTH KOMii, AedopMariis Kouii; HepiBHOMPYKHICTh KOIIii; B3a€MOJIs
KOJIi i pyXOMOTO CKIIaJy; 3aJIi3HUIHUH 1epei3n
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MOJEJMPOBAHHUE NPOLHECCA PA3BUTHSI
BEPTUKAJIBHbBIX JTE®OPMAIINU KEJIE3HOAOPOKHOI'O ITYTH

Heab. CocTosiHNE KENE3HOJOPOKHOTO MyTH IOJKHO COOTBETCTBOBATH OE30MAaCHOCTH ABHKEHHUSI, MIIABHOCTH H
komdopTadenbHOCTH NBMKeHHs. Hanuyne HepoBHOCTEH yXyAllaeT IMHAMUKY B3aUMO/ICHCTBUS IyTH U TIO/IBUYKHO-
IO COCTaBa, ABJIACTCSA NPUYMHON OIPAaHUYEHHUS CKOPOCTH JABMXKEHUS, CO3[1a€T BO3MOXKHOCTb HapYLICHMs yCIIOBUI
Oe3onacHoCcTH JIBMKeHMs. Bo3HMKaeT Bompoc uccienoBanus (akTopoB, KOTOPbIE IPUBOAAT K BO3MOXKHOCTH 00pa-
30BaHUSI HEPOBHOCTEH IyTH, W Tpolecca X pa3BuTHs. Llenbio gaHHOI paboThI SBISETCS aHAIN3 MPOLECCOB BO3-
HUKHOBEHUS U Pa3BUTUS HEPOBHOCTEH B 30HE BEPTUKAIBHOM HEPABHOXKECTKOCTH KENE3HOAOPOXKHOIO MyTH C UC-
MOJIb30BaHUEM MaTeMaTHYeCKOro MozenupoBaHus. Meroauka. XKene3HOMOPOKHBIN MMyTh O] MTOE37[aMU padoTaeT
KaK CHCTeéMa yNPYTHX Tel, M03TOMY IMOSBICHUE U Pa3BUTHE HEPOBHOCTEH MOYKHO MPEACTaBUTH KaK IPOLECC Hepe-
XO0Za OT YIPYTUX K OCTaTOYHBIM Ae(opMarusiM. YBEIWIEHHE Pa3MEPOB HEPOBHOCTH OYyJET BIUATH Ha JTUHAMHKY
B3aMMOJIEHCTBHS MyTH U MOJBUKHOTO COCTaBa HE TOJIBKO BO BPEMsI HAXOXIEHHs KOJIECAa HEMOCPEICTBEHHO B 30HE
HEPOBHOCTH, a4 U HAa ONPEIEICHHOM PAaCcCTOSIHUH 32 ee npenenamu. [1ooToMy nms uccne10BaHus PasBUTUS HEPOBHO-
CTH, B TOM YHCJIE [0 [UIMHE ITyTH, HEOOXOJMMO MOJEINPOBATH UMEHHO MPOLECC IBIKEHUS KOJIECHON HAarpy3KH IO
yuacTtky. [IpuHaTa Moaens, cocTosAast U3 KOJIECHON Maphl, KOTOpasl ABHXKETCS Mo Oe3MHEepLUOHHON Oalike, Omu-
paroielicst Ha oTaenbHbIe onopbl. OHa onuckiBaeTcs cucteMoit nuddepenHunansHpIx ypaBHenuit Jlarpamka. Beene-
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3AJIIBHMYHA KOJIIA

Ha THUIIOTE3a, YTO YPOBEHBb OCTATOYHBIX Ae(opMaIiiii pacpeaesieTcsl MpOoropIHOHaIbHO IPOU3BOJHON AUHAMIYE-
ckoro mporuba. Pe3yabTaThl. PacnonokeHne BepTHKaJbHONH HEPOBHOCTH IO JUTMHE HE 00SA3aTENIFHO MOBTOPSET
MECTO TOJIOKEHHS TpobieMHoro ydactka. Co BpeMeHeM SKCIUTyaTalliil BepTHKaJIbHAs HEPOBHOCTh PacIpOCTPaHs-
€TCsl HE TOJILKO B IIyOMHY, HO M BJIOJIb ITyTH, IPUYEM yBEIWYEHHE JUITMHBI COIPOBOXKIACTCS CMELICHUEM I10JIOXKe-
HUSI JIOKJIBHBIX MAKCUMYMOB U TIOSIBIIEHHEM HOBBIX. JTO PUBOAUT K Pa3BUTHIO TaK HA3bIBAEMBIX «SIM» Ha MOJXO0JIE
K HepaBHOXKeCTKOMY ydacTky. HayuHast HoBu3Ha. [IpnoOpenu nanpHeiliee pa3BUTHE 3a/a4d MOAEIMPOBAHUS
B3aUMO/ICHCTBUSI ITyTH U TIOIBU)KHOT'O COCTaBa, B YaCTHOCTH, JUIsl y4eTa y4acTKOB HEPAaBHOXKECTKOCTH M MX BIIMSHUS
Ha oOpaszoBaHue HepoBHOcTel nmyTH. [IpakTHYeckas 3HaYNMOCTB. [loydeHHBIE aBTOPOM pe3yJIbTaThl MOTYT OBITh
WCIIOJIb30BaHbI ISl ONIPEAEIIEHHs CPOKOB IPOBEACHHUS PEMOHTHBIX Pa0OT 10 BO30OHOBJICHUIO PaBHOXECTKOCTH ITy-
TH, a TAKOKe U aHAIM3a MEPOIPUATHH, HANIPaBJICHHBIX Ha TPEAOTBpAIIeHHE Pa3BUTHS HEPOBHOCTEH B 30HAX C TIe-
PEMEHHOM KECTKOCTBIO KEJIE3HOJOPOKHOTO ITyTH.

Kniouegvie cnosa: xene3HONOPOKHBINA ITyTh; HEPOBHOCTD ITyTH; JeOpMaIHs ITyTH; HEPABHOXKECTKOCTH ITyTH;
B3aMMOJICHICTBHE TIyTH U TOABIDKHOTO COCTABA; XKEJIEC3HOJOPOKHEIH Iepees
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