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Hierarchy of Mathematical Models for Calculating Aeration Tanks

Purpose. Aeration tanks are widely used in wastewater treatment. Complex processes of mass transfer of impuri-
ties, activated sludge, and oxygen occur in an aeration tank. Therefore, it is very important to have specialized math-
ematical models that allow for a comprehensive consideration of complex multifactorial processes in aeration tanks.
The aim of this work is to identify the advantages and disadvantages of mathematical models used to evaluate the
efficiency of water treatment in aeration tanks, as well as to develop numerical models for analyzing the operation of
aeration tanks. Methodology. System analysis methods used in accordance with hydrodynamics and mass transfer
models in wastewater treatment tasks in aeration tanks. The solution of the hydrodynamics problem is based on the
use of potential flow model. Mass transfer equations that take into account convective and diffusive transport are used
to describe the process of impurity movement in an aeration tank. The development of numerical models is based
on the use of the method of splitting modeling equations. Findings. Numerical models for calculating the efficiency
of water purification in an aeration tank have been developed and implemented in software. These models are a mod-
ern tool for mathematical modeling of complex, multifactorial mass transfer processes in aeration tanks.
Originality. Based on a systematic analysis, the advantages and disadvantages of the models used to analyze the
efficiency of aeration tanks have been identified. The construction of effective numerical models for calculating hy-
drodynamics and mass transfer in aeration tanks has been considered. Practical value. The proposed numerical mod-
els of hydrodynamics and mass transfer in aeration tanks can be useful for rapid assessment of the efficiency of
wastewater treatment in aeration tanks.

Keywords: aeration tank; water treatment; numerical modeling; hydrodynamics; mass transfer; treatment facilities

Introduction An analysis of sources devoted to the development
of mathematical models of aeration tank operation
shows that the most effective approach for theoreti-
cal analysis of aeration tank operation is the use of
numerical models [1, 7-10].

Determining the efficiency of wastewater treat-
ment in aeration tanks plays a particularly important
role in assessing the efficiency of water treatment
throughout the entire technological line at aeration
stations [2-5]. The complexity of the wastewater
treatment process in aeration tanks (the impact on
the treatment process of oxygen concentration in To identify the advantages and disadvantages of
different parts of the facility, activated sludge con- mathematical models used to evaluate the efficiency
centration, wastewater flow velocity, etc.) signifi-  of water purification in aeration tanks: to develop
cantly complicates the process of constructing numerical models for analyzing the operation of
mathematical models for calculating aeration tanks.  aeration tank.

Therefore, in practice, mathematical models with
varying degrees of simplification are used [6-10].

Purpose
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Methodology

In this work, system analysis methods and nu-
merical modeling were used to evaluate the effi-
ciency of aeration tanks.

In practice, empirical models are widely used to
solve various engineering problems related to eval-
uating the efficiency of different treatment facilities.
With regard to problems related to evaluating the ef-
ficiency of aeration tanks, an example of such
a model is the following empirical model, which de-
termines the duration of aeration [4]:

— La_Lt
a'(1_8|)l3,

where L, is BOC; — wastewater entering the facility;
L: is BOC: — wastewater leaving the facility S; —ash
content of activated sludge; p — oxidation rate; a —
activated sludge dose.

Another approach is to use first-order differen-
tial equations to describe (with varying degrees of
detail) the reactions in the aeration tank (Bertoks):

1) first-order reaction:

o ko XS;

dt

2) zero-order reaction:
as =k X;
dt

3) mixed-order reaction:
B _kxs,
dt

where X — concentration of microorganisms; K, ko ki
— empirical parameters; S — substrate concentration.

Regarding the models considered, the following
should be noted: the models make it possible to per-
form estimates without the aid of a computer, re-
quire a small amount of «input» information, and do
not require highly qualified specialists for their ap-
plication. However, these models do not take into
account the hydrodynamics of the flow in the aera-
tion tank and the distribution of active sludge, oxy-
gen, and impurities in the structure.

Balance models are more effective. To describe
the wastewater treatment process in an aeration
tank, they look like this [10]:

W.dX =dt-Q,(t)- X;,(t)—
—dt-Q (t)- X +dt-pu-W-X —
—dt-K, -W-X; (1)
W-dS =dt-Q,(t)-S, —

—dt-QS(t)-S(t)—dt-g-w-x 10

R (3)

S+K, '
where K is the Monod coefficient; umax is the coef-
ficient; Xin(t) is the concentration of activated sludge
entering the aeration tank; Sin(t) is the concentration
of substrate entering the facility; W is the reactor
volume; Qs(t) is the substrate flow rate; Q(t) is ac-
tive sludge flow rate; K4 active sludge decay coef-
ficient; t — time; X — concentration of active sludge
in the reactor; S — substrate concentration in the
structure; u — coefficient; Y — parameter.

Balance models (1)—(3) have the following ad-
vantages:

1. They take into account a significant number of
factors that influence the wastewater treatment pro-
cess in an aeration tank.

2. Under certain assumptions, they allow for an an-
alytical solution, i.e., an exact solution to the problem.

3. The models can be used to quickly calculate
the efficiency of water treatment in an aeration tank.

4. The models can be used to «tune» more pow-
erful, numerical models.

However, these models also have certain disad-
vantages:

1. The practical application of models requires
their solution on a computer.

2. The application of models requires information
about certain constants, which is difficult to obtain.

For rapid assessment of oxygen concentration in
an aeration tank, 2D models of hydrodynamics and
mass transfer can be used [1]:

oC ouC ovC
ot x oy

_ﬁ( @}ri acl.
P )T ay\ My

+ZQi8(X =X%)3(y —Vvi); (4)
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2 2
N S )
ox~ oy
P P
U=— ,V=—o/,
x' oy
dC
L =KuL(C.-0)-r, ©)

dt

where C — oxygen concentration in wastewater;
Kia — mass transfer coefficient [11, 12]; Cs — maxi-
mum value of dissolved oxygen concentration in
wastewater; r is the oxygen consumption rate by ac-
tivated sludge [3]; P — velocity potential; u, v—com-
ponents of the wastewater flow velocity in the aera-
tion tank; t — time; ux, uy — diffusion coefficients.

Let us consider the boundary conditions for the

modeling equations:

1. At the inlet to the facility: C = Cin,

where Ci, is the oxygen concentration in the
wastewater stream at the inlet to the aeration tank.

2. At the outlet of the facility: C(i, j) = C(i+1, j),

where C(i+1, j) is the oxygen concentration value in
the last cell; C(i, j) is the oxygen concentration in
the previous cell.

3. On solid surfaces:
oC
on

where n is the unit normal to the surface.

Initial conditions: att = 0: C = Co, where Co is

the known oxygen concentration.

For the hydrodynamics equation (5), the bound-

ary conditions are given in [1].

This two-dimensional model has the following

advantages:

1.1t takes into account the hydrodynamics of

flow in the structure.

2. It allows determining the oxygen concentra-

tion in different parts of the aeration tank.

3. It can be used for rapid assessment of the ox-

ygen regime in the aeration tank.

However, the model has the following disad-

vantages:

1.1t allows determining the hydrodynamics of

the flow only in a two-dimensional representation.

2. It allows determining the oxygen concentra-

tion only in a two-dimensional representation.

More powerful are 3D models of hydrodynam-

ics and mass transfer in the aeration tank:

0,

0S ouS ovS owS
—t—t—+—=

o0 ox oy oz

-2, 2).2(,, 5.2, %),
o) Ty Py e\ e )

OX ouX ovX owX
ot oX oy /4

:ﬁ[ %}rﬁ %Jrﬁ( %j-
o )Ty My ) e\t )

P P 0P

+ + 0;
ox*  oy?  ar?
oP oP oP
u:—,V:—’ :—'
OX oy 0oz
dX
—=puX -K,X;
at K d
d_S:_EX;
dt Y
S
H = Himax S+K,

where Ky — active sludge decay coefficient; t —time;
X(x, Y, z, t) — concentration of active sludge in the
bioreactor; S(x, y, z, t) — concentration of substrate
in the bioreactor; uxy(t), umax, Y, Ks — parameters;
ulx, y, ), v(x, y, ), w(x, y, z) — components of the
water flow velocity in the bioreactor in the direction
of the x, y, z axes, respectively; ux, uy, 1, — diffusion
coefficients in the direction of the x, y, z axes, re-
spectively.

The boundary conditions for these equations are
similar to the boundary conditions for two-dimen-
sional equations.

The three-dimensional model of hydrodynamics
and mass transfer has the following advantages:

1. It allows determining the velocity field in the
structure and the concentration in three dimensions.

2. The concentrations of activated sludge and
impurities are taken into account for the analysis of
treatment efficiency.

3. The disadvantages of the model are that the hy-
drodynamics model does not take into account the
viscosity of the wastewater flow in the aeration tank.
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Two-dimensional and three-dimensional equa-
tions only allow for numerical solutions. Thus, to
integrate a two-dimensional mass transfer equation,
the following splitting is performed:

oC ouC ovC
—+—+—=0;
ot ox oy

a ) Tyt )
%:ZQiS(X—Xi)S(y_yi)-

Next, finite difference equations are constructed
in the following form:
—step Nel (k = n+1/2):
ck. —c
— by e+ Lct =0;
At
—step N2 (k = n+1/2):

C_m_-l —C-k-
— 1 v =L+ LCM™ 4 LCM =0.

The form of the operators L, L,,L},L, is dis-

cussed in [1].
The second splitting equation is integrated as
follows («conditional approximation schemey):

1 1 1
> n 2 2
Cij —Ci’j_ " =G ;*+Ci4j5 .
At * AX?
1 1
2 >
ne -G ;2 +C 4
n e
n+1 2 n+1 n+l
Cpi,j_Ci,j = Ci+1,j_Ci,j +
At A
n+l n+l
+ Ci,j+l_Ci,j

Numerical integration for the velocity potential
is performed using the «conditional approximation
schemey.

The values of the components of the water flow
velocity vector in the aerotank are determined as
follows:

The three-dimensional equation for the velocity
potential is written as follows:

oP 8°P O°P o%P
PR S SN
o o’ oy oz

where t is the fictitious time.

Next, Samarsky's method is used for numerical
integration of the equation. The two-step splitting
scheme has the following form:

Rk — Rk _ Plujx — Rl

| Pn+:l/2 + Pn+:l/2
0,5At

—Fik i1, j .k
T - szl o
n n n+1/2 n+1/2
Piax — Pk N Rk TRk

Ay? Ay?

+

P|nj+1k/2 + Plnj+k]/—21
AZ?
+ +1/2 2 2
Rl =Pl _ Plai Rk RO+ P
0,5At AX? AX?
Pi,njtrll,k - Punri N _I:’i?jfi/z +R" 1+—11/2k
Ay? Ay?
P — Pk N R + R
AZ? AZ*
The calculation based on the difference equa-
tions ends when the following condition is met:

R T
i,j,k+1 i,j,k
+ AZZ +

J’_

n+l n
Rik _Pi,j,k‘gs'

where ¢ —small number; n — iteration number (num-
ber of steps of time).

The boundary condition of no flow on solid
walls is implemented by using fictitious difference
cells.

For numerical integration of the three-dimen-
sional mass transfer equation, the splitting scheme
is used as for the two-dimensional case.

The solution of the initial equation is broken
down into a series of steps:
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— first step (k = 1/4): Findings
i G | ) ) ) Numerical models have been developed to sim-
# +E(|—;C +LCH+ LCH )+ ulate the operation of an aeration tank. The models

take into account convection and diffusion pro-

- cesses. The basis for the development of numerical
+—Ci, =0; (7)  models is the splitting method, which allows the so-
2 lution of the problem to be reduced to a sequential

—second step (k = n+1/2; ¢ = n+1/4): solution of an equation that has a simpler form.
ck —C¢ L .
|JkAt ijk +%(L; ck +L_yck +L;Ck)+ Originality and practical value
Based on a systematic analysis, the advantages
+Sck—o  (8) and disadvantages of the models used to analyze the
! efficiency of aeration tanks have been identified.
_ third step (k = n+3/4; ¢= n+1/2): The development of effective numerical models for
calculating hydrodynamics and mass transfer in aer-
M C®+ M;XCk + ation tanks has been considered. The proposed nu-
Ci‘j‘k -Ci 1 e x| merical models of hydrodynamics and mass transfer
A2 My, C+MyCo+ 15 (9)  in aeration tanks can be useful for rapid assessment
+M-C¢+M*Ck of the efficiency of wastewater treatment in aeration
“ “ tanks.

— fourth step (k=n+1; c=n+3/4):
M- Ck 4 M2 CE Conclusions
Ciljfk -C 1 * k+ XX+ C+ The development of 2D and 3D numerical mod-
N 2 +My,C"+MyCo 4. (10)  els of aeration tank operation was considered. These
+M-CK+M*C® mogle;ls can be uged for operational analysis of water
z z purification, taking into account the hydrodynamics
The form of the operators  Of flow in the treatment plant.
LM In the fgture, tr_us scientific direction should be
X1 Ty my developed in the field of 3D CFD model develop-
A distinctive feature of all developed numerical ~ ment for analyzing the complex operation of an
models is that the calculation of unknown quantities  «aeration tank+ secondary clarifier».
is performed at each step of the decomposition us-
ing explicit formulas.

M ....is discussed in [1].

LIST OF REFERENCE LINKS

1.  Bimses M. M., Kozauuna B. A., I'yasko O. 0., Jlemern M. B. Komn romepne modenosanms npoyecie
bionoeiunoi oyucmku cmiynux 600 : MoHorpadis. Juinpo : Kypdonn, 2023. 186 c.

2. Bacunenxo O. A., I'paGoscekuii I1. O., Jlapkina I'. M., Iomiutyk O. B., porynsuuii B. U. Pexoncmpyxyis i
inmencugixayis cnopyo 6ooonocmayants ma 60006iosedenns : HaB4. noci6. Kuis : IBHBKII «Ykpremioreky,
2010.272 c.

3. Emosr C. M., Cmipaosa I'. M., Kopinsko 1. B., [Tamxosa C. I1., Copokina B. 1O., Besenep I'. Bodosiosedenns
i ouuwenns cmivnux 600 micma . HaBd. 1moci6. Xapkis : Bumasauua rpymna «PA Kapasenay, 2003. 144 c.

4.  Kosampuyk B. A. Ouucmka cmiunux 600 : HaBu. noci6. PiHe : BAT «PiBHeHchKa npykapHs», 2002. 622 c.

5. Oumiiiauk O. f, Aiipanersin T. C. MoentoBaHHsI OYMCHUX CTIYHUX BOJ BiJl OpraHiyHuX 3a0pyaHeHb B Oiopeak-
TOpax-aepoTEHKaX 31 3BAKCHUM (BUIFHO IUIABAIOYMM) 1 3aKpituieHIM OiotieHo30M. [Jonosiob HAH Ykpainu.
2015. Ne 5. C. 55-60. DOI: https://doi.org/10.15407/dopovidi2015.05.055

6.  Alharbi A. O. M. The biological treatment of wastewater: mathematical models. Bulletin of the Australian
Mathematical Society. 2016. Vol. 94, Iss. 2. P. 347-348. DOI: https://doi.org/10.1017/S0004972716000411

Creative Commons Attribution 4.0 International
doi: https://doi.org/10.15802/stp2026/352713 © M. M. Biliaiev, A. O. Chirkov, 2026

21


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.15802/stp2026/352713
https://doi.org/10.15407/dopovidi2015.05.055
https://doi.org/10.1017/S0004972716000411

ISSN 2307-3489 (Print), ISSN 2307-6666 (Online)

Hayka ta nporpec Tpancnopty, 2026, Ne 1 (113)

EKOJIOI'A TA IIPOMUCJIOBA BE3IIEKA

7. Babaei A., Azadi R., Jaafarzadeh N., Alavi N. Application and Kinetic Evaluation of upflow Anaerobic bio-
film Reactor for Nitrogen Removal from Wastewater. Iranian Journal of Environmental Health Science and
Engineering. 2013. Vol. 10, Iss. 1. Art. 20. DOI: https://doi.org/10.1186/1735-2746-10-20

8.  Dapelo D., Bridgeman J. A CFD strategy to retrofit an anaerobic digester to improve mixing performance in
wastewater treatment. Water Science & Technology. 2020. Vol. 81, Iss. 8. P. 1646-1657.

DOI: https://doi.org/10.2166/wst.2020.086

9.  Mocanu C. R., Mihaillescu R. Numerical Simulation Wastewater Treatment Aeration Processes. UPB Scien-
tific Bulletin, Series D: Mechanical Engineering. 2012. Vol. 74, Iss. 2. P. 191-198.

10. Pereda M., Zamarreno J. M. Agent — based modeling of an activated sludge process in batch reactor. 2011 19th
Mediterranean Conference on Control & Automation (MED) (Corfu, 20-23 June 2011). Corfu, 2011. P. 1128
1133. DOI: https://doi.org/10.1109/med.2011.5983027

11. Painmanakul P., Wachirasak J., Jamnongwong M., Hebrard G. Theoretical Prediction of VVolumetric Mass
Transfer Coefficient (KLA) for Designing Aeration Tank. Engineering Journal. 2009. Vol. 13, No. 3.

P. 13-28. DOI: https://doi.org/10.4186/¢j.2009.13.3.13

12. Vanags J., Suleiko A. Oxygen Mass Transfer Coefficient Application in Characterisation of Bioreactors and
Fermentation Processes. Latvian Journal of Physics and Technical Sciences. 2022. Vol. 59, Iss. 5. P. 21-32.
DOI: https://doi.org/10.2478/Ipts-2022-0038

M. M. BUIIEBY", A. O. YIPKOB?

YKad. «impasiika, BojonocTadanHs Ta Gizuka», YKpaiHChKHii TepkaBHUM yHiBEpCHTET HayKH i TexHojorii, HHI JIIIT,
By JlazapsiHa, 2, JIninpo, Ykpaina, 49010, tex. +38 (056) 373 15 09, en. nomrra biliaiev.m@gmail.com,

ORCID 0000-0002-1531-7882

2Ka. «igpasiika, BogonocTayands ta (isuka», YKpaiHChKuil JepkaBHUN yHIBEpCHTET HayKH i TexHosorii, HHI JIIIT,
By Jlazapsina, 2, JIainpo, Ykpaina, 49010, ten. +38 (056) 373 15 09, en. nomra diit.hydro.eco@gmail.com,

ORCID 0009-0005-4326-2881

Iepapxis MaTeMaTHYHHUX MOJe/IeH 1JIsl PO3PAXYHKY A€POTEHKIB

Merta. AepOTCHKH MarOTh LIMPOKE 3aCTOCYBAHHS IIPU OYMCTLI cTiyHWX BoA. IIporec OYMINEHHS CTiYHUX BOX
B APOTEHKY Ma€ JIy)Ke CKIIaJHUIl XapaKTep 3 TOUKH 30py MAaTEeMaTHYHOTO OIKCY. B aepoTeHKy BinOyBarOThCs CKIIaIHI
MPOLIECH MacONIEPEHOCY JIOMILIKH, aKTHBHOTO MYJly, KHCHIO. Ha Ipoliec 04MCTKH BOJIU B a8POTEHKY CYTTEBO BILJIMBAE
ripoauHamika Teuil CTIYHUX BOJ, MICIIe 1M0Jadui KMCHIO, PO3MIp MOBITPSIHUX OyJIb0aIloOK, HAasBHICTH PI3HOTO POAY
MeperIKo/] B OUMCHii criopyi. ToMy Uit IPaKTUKY AyKe BOXKJIMBO MaTH CIielialli30BaHl MaTeMaTHyHi MOJENI, 110
JIO3BOJISIIOTh KOMIUIEKCHO BPaxOBYBaTH CKJIaJHI 0arato(akTOpHI IpolecH B aepoTeHKax. MeTor poboTH € BU3HA-
YeHHs IepeBar Ta HeIOJIKIB MaTeMaTHYHUX MOJIEIICH, 1110 BUKOPUCTOBYIOThCS JUIsl OL[IHFOBaHHS e()eKTHUBHOCTI OYH-
CTKH BOJIM B apOTEHKAX, a TAKOX PO3POOKa YHCEIBHUX MOJEIeH Ui aHali3y poOoTH aeporeHkiB. MeTognka. Me-
TOJIM CHCTEMHOTO aHaJi3y, BUKOPUCTaHI BiAOBIIHO 10 MOJEJIEH TiIpoJMHAMIKH Ta MacONEPEHOCY B 3aJa4ax OYHC-
TKH CTIYHUX BOJ B aepOTCHKaX. PilleHHs 3a1adi TiApogrnHAMIKN 0a3yeThCsl HA BUKOPUCTAHHI MOJIEII MOTEHIIabHOT
Teuil. Jl1s onucy npouecy pyxy JOMILIKH B a6pOTEHKY BUKOPHCTOBYIOTHCS PiBHSHHS MacOIEPEHOCY, IO BPaXOBYHOTh
KOHBEKTUBHUII Ta 1udy3iiiHuii nepeHoc. [1o0ymoBa yncenbHUX MoJesiell 6a3y€eThCsi Ha BAKOPUCTaHHI METOLy po3Iie-
IUICHHSI MOJICTIFOIOYHX piBHSAHB. Pe3ynbTaT. Po3po6ieHo Ta 31ifiCHEHO NporpaMHy peai3aliio YHCeTbHUX MOACICH
PO3paxyHKy €(peKTUBHOCTI OUUCTKH BOJH B a€POTEHKY, IO SIBJSIOTH COO0I0 Cy4acHUI IHCTPYMEHT MaTeMaTH4YHOTO
MO/ICTIFOBaHHSI CKJIaJIHUX, Oarato()akTOpPHUX MPOIIECiB MaconepeHocy B aeporeHkax. HaykoBa HoBu3Ha. Ha ocHoBI
CHCTEMHOI'0 aHaJi3y BM3HAYEHI HEJIOJIIKU Ta IepeBaru MoJiesiel, 10 BUKOPUCTOBYIOThCS JJIsl aHAIT3y e(heKTUBHOCTI
po0oTH aepOTEHKIB. PO3rIssHyTO MOOY0BY €(PEKTHBHHUX YHCEIbHUX MOCIICH /ISl PO3paxXyHKY TiIpOAMHAMIKA Ta Ma-
comepeHocy y aeporenkax. IlpakTHyHa 3HAYMMIiCTh. 3apONOHOBAHI YKMCEIbHI MO TiAPOIUHAMIKH Ta MacoIe-
peHOCY B aepoTEeHKaX MOXYThb OYTH KOPHCHHMH JUIsi €KCIPEC OLIHIOBaHHS e(eKTHBHOCTI OYMCTKH CTIYHHUX BOJ
B aCPOTEHKAX.

Kniouosi cnoea: aepoTeHK; OUYUCTKA BOJH; YHCEIbHE MOJICIIIOBAHHS; TiIPOJMHAMIKa; MacOIepeHOC; OYHCHI CIIo-
pyau
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