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Mathematical Modeling of Filtration and Geomigration Under Conditions
of Anthropogenic Load

Purpose. The aim of this study is to develop mathematical models for predicting the processes of contamination
of the aeration zone and groundwater in the event of leachate leakage from a solid waste landfill. The mathematical
models take into account typical hydrological parameters: porosity of the aeration zone, aquifer, filtration coefficient
of the aeration zone, filtration coefficient of the underground aquifer, intensity of leachate infiltration into the
aeration zone and underground aquifer. Methodology. A one-dimensional filtration equation and a one-dimensional
mass transfer equation were used to model the process of infiltrate migration in the aeration zone. The modeling of
the process of contamination of the underground aquifer, which receives infiltrate from the landfill, was carried out
on the basis of a two-dimensional equation (planned model) of geomigration. For the numerical integration of the
model equations, a variable-triangular finite-difference splitting scheme was used. The numerical integration of the
two-dimensional geomigration equation is performed using the splitting scheme. The peculiarity of the proposed
numerical models is that the value of the unknown function can be determined by an explicit formula.
Findings. Numerical models have been developed to solve the complex problem of predicting the contamination of
the aeration zone and underground flow in the case of infiltration of an impurity from a solid waste landfill.
Originality. Numerical models of filtration and mass transfer of impurities in the case of migration of infiltrate from
a municipal solid waste landfill through the aeration zone and into groundwater are proposed. To apply these
mathematical models, standard hydrological information is required. The models are aimed at solving complex
problems in the field of environmental safety and protection. They make it possible to determine the negative impact
of landfills on the environment at the stage of justifying the location of future landfills and their size.
Practical value. The proposed mathematical models use standard hydrological information, which is important for
serial calculations in design organizations, and can be useful for assessing the impact of landfills on environmental
pollution.

Key words: solid waste landfill; pollution of the aeration zone; groundwater pollution; mathematical model; fil-
tration equation; mass transfer equation
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Introduction

Solid waste landfills are facilities located in all
countries of the world (Fig. 1) and are powerful
sources of environmental pollution [6, 9].

The amount of waste is increasing over time in
countries around the world (Fig. 2), which leads to
the need to expand existing landfills and create
new ones.

Fig. 1. Waste landfill (https://cutt.ly/8rsX9C4q)

TN

Fig. 2. Annual volumes of household waste
disposal at landfills and dumps by regions
of Ukraine in 2021, thousand tons [9]

The operation of solid waste landfills causes in-
tense pollution of the air, as well as the aeration
zone and groundwater. Precipitation filtering
through the landfill «body» leaches out hazardous
substances. This leachate contains a significant
number of hazardous substances: sulfates, chlo-
rides, nitrates, lead, zinc, cadmium, antimony, or-
ganic substances, etc. This leachate is partially dis-
charged through the drainage system (Fig. 3), but
despite the protection system, pollutants infiltrate
into the aeration zone at almost every landfill.
Since the landfills have been in operation for
a long time, the pollutants contained in the leachate
pass through the aeration zone and groundwater
contamination begins.

Fig. 3. Drainage water from the waste landfill

Thus, a contamination zone is formed in the
groundwater beneath the landfill, which migrates
over time. In addition, it should be borne in mind
that groundwater is «unloaded» into water bodies.
Thus, the negative impact of landfills will be not
only in the contamination of the aeration zone,
groundwater, but also surface water.

In this regard, an important problem arises - as-
sessment of the intensity of contamination, primar-
ily of groundwater. It is necessary to have scientif-
ically grounded information on the dynamics of
development of contamination areas in groundwa-
ter during the landfill operation for a certain period
of time, during further landfill development (in-
crease in the size of the storage facility), and also
to determine the «reaction» of groundwater to the
landfill closure.

Determination of areas of chemical contamina-
tion of groundwater is a problem of modeling the
processes of filtration and geomigration. To solve
problems of this class, analytical and numerical
models are most commonly used [1-5, 7, 8, 10,
13]. Analytical models make it possible to obtain
an exact solution to the modeling equations. Such
solutions are of great importance in scientific re-
search. In addition, analytical solutions of model-
ing equations can be used to verify other models.
Numerical models have a wide operating range and
make it possible to obtain solutions to problems
that cannot be obtained analytically. In practice,
commercial codes are widely used, for example,
the MODFLOW software package [11, 12].

Purpose

To develop a mathematical model for assessing
the areas of chemical contamination of groundwa-
ter in case of leakage of leachate from a solid
waste landfill.

Creative Commons Attribution 4.0 International
doi: https://doi.org/10.15802/stp2025/330858

22

© O. A. Bubnova, V. A. Miroshnyk, R. V. Markul,
P. B. Mashykhina, L. H. Tatarko, 2025


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.15802/stp2023/292720

EKOJIOI'LI TA ITIPOMUCJIOBA BE3IIEKA

ISSN 2307-3489 (Print), ISSN 2307-6666 (Online)

Hayka Ta nporpec tpatcmopty, 2025, Ne 2 (110)

Methodology

Sketch of the computational region is shown in
Fig. 1.

Fig. 4. Sketch of the computational region:
1 — waste landfill; 2 — aeration zone; 3 — ground waters

The process of filtrate (contaminated liquid)
movement in the aeration zone will be modeled by
the following equations: the filtration equation
(Darcy's law) (1) and the mass transfer equation

()

ﬂ%:k H(t)+z,
dt z (1)
n§+%+o—C:£(D@j,
ot oz oz oz

2

where x — the lack of saturation; z — the depth of
soil wetting; k — the filtration coefficient; H — the
level of the neutralizing solution on the ground
surface; n — the active porosity; C — the concentra-
tion of the impurity in the filtered solution; o — the
sorption rate constant; u — the filtration rate;
D — the dispersion coefficient.

Note that the z-axis is directed downward from
the foot of the landfill in the direction of ground-
water flow.

If the aeration zone consists of soil layers of
different permeability, the model uses a general-
ized filtration coefficient determined by the formu-
la of Kamensky G. N.:

__m
m,’
2

where m — the capacity of the aeration zone; m; —
the capacity of the i-th soil layer in the aeration
zone with a filtration coefficient k;.

k

For the numerical solution of the 1D mass
transfer equation, a difference scheme is used. To
develop it, the following transformations are per-
formed:
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Next, to solve the equation, we split it into two
steps:
— first step:
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From these dependencies, the unknown value of
the impurity concentration on the upper time layer is
found by an explicit running-count formula.

The rate of infiltration is determined as follows
(analytical solution by Polubarinova-Kochina P.Y.)

k(L) sza—uf a

2 4,/
H H H (3)

u=

where g — the infiltration rate from the landfill.
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The modeling of leachate spreading from the
landfill in groundwater is based on the following
mass transfer equation (equation averaged over the
depth of the groundwater flow, planned model):

oC ouC ovC 6( 8Cj
N—+—F—=—| . —
ot ox oy oX OX
0

oC
+—| o, — |+ t)-0(x—x.)o(y-v.), (4
ay(ﬂy ay] QM) -5(x=x)5(y-y,), (4)
where C — is the average value of the concentration
of a hazardous substance in the groundwater flow;
u, v — are the components of the groundwater flow
velocity vector in the projection on the x, y coordi-
nate axes, respectively; xi, yi — are the Cartesian
coordinates of the i-th source of infiltration of
a hazardous substance into the groundwater flow; t
— time; ux, uy — dispersion coefficients; o(xi, yi) —
Dirac's delta function, which is used in the model
to set the location of the hazardous substance from
the landfill into the groundwater flow; Q — intensi-
ty of infiltration of a hazardous substance from the
infiltration zone.

For equation (1), the boundary conditions are as
following:

1) at t = 0, the concentration of the impurity in
the area of study is set;

2) at the boundary where the flow enters the
study area, the condition C = C; is set, where C; is
a known known concentration of an impurity.

3) at the boundary where the flow leaves the

study area, (Z—C =0 is set, where n is a unit vector
n

of the normal to the boundary.

For the numerical integration of equation (4),

a rectangular difference grid is used. To build a

numerical model, the following physical splitting
of the equation is performed:

oC N ouC N ovC
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The splitting scheme for the convective
transport equation is written as follows:

— at the first step of the splitting, the difference
equation is as follows:

0,

k

Ci j _Cin' k k
—— + ,C* +L,C" =0;
At

— in the second step of the splitting, the differ-
ence equation is as follows:

cMt_ck
——L 4+ LC™+ L C™ =0.
At

The unknown value of C in each equation is de-
termined by the «running account» formula.

For the numerical integration of the diffusion
equation, a two-stage difference splitting scheme
(A. A. Samarsky's scheme) is used, which has the
form:
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The unknown value of C in each equation is de-
termined by the «running account» formula.

The computer code was created on the basis of
the developed numerical model. The programming
language is FORTRAN.

To conduct a computational experiment based
on the developed computer code, the following
data need to be specified:

1) the size of the calculation area;

2) the location of the landfill;

3) step by step;

4) values of dispersion coefficients;

5) hydrological parameters of the underground
flow;

6) intensity of infiltrate emission into the
groundwater flow;

7) capacity of the aeration zone;

8) filtration coefficient of aeration zones;

9) permeability (for aeration zone and aquifer).

In the computational experiment, the modeling
is performed as follows:
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1) calculate the infiltrate migration in the aera-
tion zone for the time step At. The intensity of con-
tamination of the aeration zone is determined the
boundary of the soaking zone within the aeration
zone is determined.

2) determine the time when the infiltrate seeps
to the boundary «aeration zone — free groundwater
surface». This will be the time when the contami-
nation of the groundwater flow under the landfill
begins.

3) Determine the rate of infiltration of the impu-
rity from the landfill into the underground stream.

4) the calculation of the dynamics of the for-
mation of the contamination area in groundwater
begins.

Findings

The developed numerical models were used to
solve the modeling problem. The leachate leakage
from the landfill was considered and the task was
to study the dynamics of the contamination zone
formation in the groundwater under the landfill.

The results of the computational experiment are
shown in Figs. 5-8. The time and concentration of
chlorides in groundwater are shown in a dimen-
sionless form.
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Fig. 5. Contaminated zone in ground waters, t = 2.2
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Fig. 6. Contaminated zone in ground waters, t = 2.6
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Fig.7. Contaminated zone in ground waters, t = 2.9
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Fig. 8. Contaminated zone in ground waters, t = 3.4

The analysis of the data in Figs. 5-8 shows that
over time, the contamination zone increases in size
and «stretches» in the direction of groundwater
flow. The width of the contamination zone increas-
es due to dispersion.

Worthy of note that computational time was
4 sec.

Originality and practical value

Numerical models of filtration and mass trans-
fer of impurities during the migration of infiltrate
from a solid waste landfill through the aeration
zone and into groundwater have been developed.

A special feature of the proposed mathematical
models is the use of standard hydrological infor-
mation. The models are aimed at solving complex
problems in the field of environmental safety and
protection. The developed models make it possible
to determine the negative impact of landfills on the
environment at the stage of justifying the location
of future landfills and their size.

Conclusions

1. A mathematical model has been developed to
analyze the dynamics of contamination of the aera-
tion zone during the infiltration of an impurity
from a solid waste landfill. The modeling is based
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on the equations of new-dimensional filtration and 3.The proposed mathematical models use

mass transfer. standard hydrological information, which is im-
2.A  mathematical model for predicting portant for serial calculations in design organiza-

groundwater contamination by infiltrate from tions.

a solid waste landfill was developed.
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MarteMaTH4He MOJEJIOBAHHA (PijabTpanii Ta reomirpaiii B yMoBax TeXHOI€H-
HOI'0 HABAHTAKEHHS

Merta. Y po0oTi nepe0ayeHo po3poOUTH MaTeMaTHYHI MOJICII JJIsl MPOTHO3YBaHHsI MPOIIECIB 3a0pyIHCHHS 30-
HU aepauii Ta MiJA3eMHHUX BOJ Yy pa3i BUTOKY (iIbTpary 3 HOJIrOHY TBEPAUX MOOYTOBUX BiaxoaiB. MaremarwyHi
MO/IeJIi BpaXOBYIOTh THIIOBI TiJpOJIOTiYHI MapaMeTpu: HOPUCTICTh 30HH aepalii, BOZOHOCHOTO TOPHU30HTY, Koediri-
€HT QinpTparii 30H1 aepaii, koedimieHT GUIBTpamii M I3eMHOT0 BOZOHOCHOTO TOPH30HTY, IHTCHCHBHICTD 1H(IBT-
pamii gimpTpaTy B 30HY aeparii Ta mig3eMHNI BOJOHOCHUH ropu3oHT. MeToauka. [ MOIeTIoBaHHS MIPOIECy Mir-
pamii iH}iTBTpaTy B 30HI aepallii BHKOPUCTAHO OJHOBHMIpHE PIBHSIHHA (idbTpamii Ta OJHOBUMIpHE piBHSHHS Maco-
nepeHocy. MopenroBaHHA Tpo1ecy 3a0pyTHEHHS ITiJ3eMHOT0 BOJOHOCHOTO TOPU30HTY, A0 SKOTO HAAXOTUTH iH)i-
JMBTpAT 3 MOJIrOHY, MPOBEACHO Ha 0a3i JBOBHUMIPHOTO PIBHAHHA (TTAHOBA MOJENB) reoMirparii. s drcenbHOTo
IHTErpyBaHHS PiBHSIHb MOJIEJI BUKOPHCTAHO 3MIHHOTPUKYTHY CKIHYEHHOPI3HHUIIEBY CXEMy po3IlerieHHs. YucenbHe
IHTErpyBaHHS JJBOBUMIPHOTO PIBHSHHS reoMirparnii BAKOHaHO 3a CXeMOI0 posiierieHHs1. OcoOIMBICTIO 3aIIPOIIOHO-
BaHMX YHCEIbHUX MOJENEH € Te, 10 3HA4YCHHs HEBiJOMOi (yHKLII MOXXHa BU3HAYMTH 32 SIBHOIO (OPMYJIOIO.
PesyabraT. Po3pobieHo uucesnbHi MoneNi Ui po3B’si3aHHS KOMIUIEKCHOI 3aa4i HPOrHO3YBaHHS 3a0pyIHEHHS
30HM aepalii Ta MiA3eMHOrO MOTOKY B pasi iH(UIbTpalii JOMIIIKK 3 IMOJITOHY TBEPAMX MOOYTOBUX BiIXOIIB.
HaykoBa HoBH3Ha. 3anponoHOBaHO YHCENbHI MoJeNl (iIbTpallii Ta MaconepeHocy JTOMIIIOK Y BHIAIKy Mirparii
1HQITBTPaTy 3 MiCBKOTO IOJIITOHY TBEPIMX MOOYTOBUX BiIXOMIB Uepe3 30HY aeparii Ta B mig3eMHi Boau. [ 3acto-
CyBaHHS IIMX MaTEMAaTHYHAX MOJeNel MOTpiOHO cTaHAapTHA TifgpoioriyHa iH(opmamis. Moxem cupsMoBaHI Ha
PO3B’s3aHHS KOMIUIEKCHUX 3a/ad y cdepi eKoNoriyHoi 0e3neKku Ta OXOPOHH JNOBKULIA. BOHM Hal0Th MOXKIUBICTH
BU3HAYATH HeraTHBHHH BILIMB NoiiroHiB TIIB Ha HaBKONHWINHE CepelOBHUINE Ha eTari OOIpyHTYBaHHS Micls po3Ta-
ITyBaHHS MaiOyTHIX TOJNITOHIB Ta iX po3MipiB. IIpakTH4yHa 3HAYUMicTh. 3alpONMOHOBAaHI MaTeMaTH4YHI MOJENI
BHKOPUCTOBYIOTh CTaHAAPTHY TiIPOJIOTIYHY iH(OpMAIifo, 0 BAXKIMBO UIA CEPIfHUX PO3pPaxyHKIB y IPOEKTHUX
OpraHizamisfx, 1 MOXyTh OyTH KOPHUCHUMH JUIs OI[iHKH BIUTMBY monironiB TIIB Ha 3a0pyaHEeHHS HaBKOJIHUIIHBOTO
cepeoBHILA.

Kniouosi croea: noniron tBepaux nmodyrosux Binxonis (TIIB); 3a0pyaHeHHS 30HU aepariii; 3a0pyIHCHHS Mi3e-
MHHX BOJI, MaTeMaTHYHA MOJIeJIb; PIBHIHHS (ijbTpanii; piBHAHHS MacolepeHoCy
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