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Mathematical Modeling of Filtration and Geomigration Under Conditions 

of Anthropogenic Load 

Purpose. The aim of this study is to develop mathematical models for predicting the processes of contamination 

of the aeration zone and groundwater in the event of leachate leakage from a solid waste landfill. The mathematical 

models take into account typical hydrological parameters: porosity of the aeration zone, aquifer, filtration coefficient 

of the aeration zone, filtration coefficient of the underground aquifer, intensity of leachate infiltration into the 

aeration zone and underground aquifer. Methodology. A one-dimensional filtration equation and a one-dimensional 

mass transfer equation were used to model the process of infiltrate migration in the aeration zone. The modeling of 

the process of contamination of the underground aquifer, which receives infiltrate from the landfill, was carried out 

on the basis of a two-dimensional equation (planned model) of geomigration. For the numerical integration of the 

model equations, a variable-triangular finite-difference splitting scheme was used. The numerical integration of the 

two-dimensional geomigration equation is performed using the splitting scheme. The peculiarity of the proposed 

numerical models is that the value of the unknown function can be determined by an explicit formula. 

Findings. Numerical models have been developed to solve the complex problem of predicting the contamination of 

the aeration zone and underground flow in the case of infiltration of an impurity from a solid waste landfill. 

Originality. Numerical models of filtration and mass transfer of impurities in the case of migration of infiltrate from 

a municipal solid waste landfill through the aeration zone and into groundwater are proposed. To apply these 

mathematical models, standard hydrological information is required. The models are aimed at solving complex 

problems in the field of environmental safety and protection. They make it possible to determine the negative impact 

of landfills on the environment at the stage of justifying the location of future landfills and their size. 

Practical value. The proposed mathematical models use standard hydrological information, which is important for 

serial calculations in design organizations, and can be useful for assessing the impact of landfills on environmental 

pollution. 
Key words: solid waste landfill; pollution of the aeration zone; groundwater pollution; mathematical model; fil-

tration equation; mass transfer equation 
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Introduction 

Solid waste landfills are facilities located in all 

countries of the world (Fig. 1) and are powerful 

sources of environmental pollution [6, 9]. 

The amount of waste is increasing over time in 

countries around the world (Fig. 2), which leads to 

the need to expand existing landfills and create 

new ones. 

 

Fig. 1. Waste landfill (https://cutt.ly/8rsX9C4q) 

 

Fig. 2. Annual volumes of household waste  

disposal at landfills and dumps by regions  

of Ukraine in 2021, thousand tons [9] 

The operation of solid waste landfills causes in-

tense pollution of the air, as well as the aeration 

zone and groundwater. Precipitation filtering 

through the landfill «body» leaches out hazardous 

substances. This leachate contains a significant 

number of hazardous substances: sulfates, chlo-

rides, nitrates, lead, zinc, cadmium, antimony, or-

ganic substances, etc. This leachate is partially dis-

charged through the drainage system (Fig. 3), but 

despite the protection system, pollutants infiltrate 

into the aeration zone at almost every landfill. 

Since the landfills have been in operation for  

a long time, the pollutants contained in the leachate 

pass through the aeration zone and groundwater 

contamination begins.  

 

Fig. 3. Drainage water from the waste landfill 

Thus, a contamination zone is formed in the 

groundwater beneath the landfill, which migrates 

over time. In addition, it should be borne in mind 

that groundwater is «unloaded» into water bodies. 

Thus, the negative impact of landfills will be not 

only in the contamination of the aeration zone, 

groundwater, but also surface water. 

In this regard, an important problem arises - as-

sessment of the intensity of contamination, primar-

ily of groundwater. It is necessary to have scientif-

ically grounded information on the dynamics of 

development of contamination areas in groundwa-

ter during the landfill operation for a certain period 

of time, during further landfill development (in-

crease in the size of the storage facility), and also 

to determine the «reaction» of groundwater to the 

landfill closure. 

Determination of areas of chemical contamina-

tion of groundwater is a problem of modeling the 

processes of filtration and geomigration. To solve 

problems of this class, analytical and numerical 

models are most commonly used [1–5, 7, 8, 10, 

13]. Analytical models make it possible to obtain 

an exact solution to the modeling equations. Such 

solutions are of great importance in scientific re-

search. In addition, analytical solutions of model-

ing equations can be used to verify other models. 

Numerical models have a wide operating range and 

make it possible to obtain solutions to problems 

that cannot be obtained analytically. In practice, 

commercial codes are widely used, for example, 

the MODFLOW software package [11, 12]. 

Purpose  

To develop a mathematical model for assessing 

the areas of chemical contamination of groundwa-

ter in case of leakage of leachate from a solid 

waste landfill. 
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Methodology 

Sketch of the computational region is shown in 

Fig. 1. 

 

Fig. 4. Sketch of the computational region: 
1 – waste landfill; 2 – aeration zone; 3 – ground waters 

The process of filtrate (contaminated liquid) 

movement in the aeration zone will be modeled by 

the following equations: the filtration equation 

(Darcy's law) (1) and the mass transfer equation 

(2): 
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H t zdz
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where μ – the lack of saturation; z – the depth of 

soil wetting; k – the filtration coefficient; H – the 

level of the neutralizing solution on the ground 

surface; n – the active porosity; C – the concentra-

tion of the impurity in the filtered solution; σ – the 

sorption rate constant; u – the filtration rate;  

D – the dispersion coefficient. 

Note that the z-axis is directed downward from 

the foot of the landfill in the direction of ground-

water flow. 

If the aeration zone consists of soil layers of 

different permeability, the model uses a general-

ized filtration coefficient determined by the formu-

la of Kamensky G. N.: 
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where m – the capacity of the aeration zone; mi – 

the capacity of the i-th soil layer in the aeration 

zone with a filtration coefficient ki. 

For the numerical solution of the 1D mass 

transfer equation, a difference scheme is used. To 

develop it, the following transformations are per-

formed: 
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Next, to solve the equation, we split it into two 

steps: 

– first step: 
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– second step: 
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From these dependencies, the unknown value of 

the impurity concentration on the upper time layer is 

found by an explicit running-count formula. 

The rate of infiltration is determined as follows 

(analytical solution by Polubarinova-Kochina P.Y.) 
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, (3) 

where q – the infiltration rate from the landfill. 
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The modeling of leachate spreading from the 

landfill in groundwater is based on the following 

mass transfer equation (equation averaged over the 

depth of the groundwater flow, planned model): 

х
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where C – is the average value of the concentration 

of a hazardous substance in the groundwater flow; 

u, v – are the components of the groundwater flow 

velocity vector in the projection on the x, y coordi-

nate axes, respectively; xi, yi – are the Cartesian 

coordinates of the i-th source of infiltration of  

a hazardous substance into the groundwater flow; t 

– time; μx, μy – dispersion coefficients; δ(xi, yi) – 

Dirac's delta function, which is used in the model 

to set the location of the hazardous substance from 

the landfill into the groundwater flow; Q – intensi-

ty of infiltration of a hazardous substance from the 

infiltration zone. 

For equation (1), the boundary conditions are as 

following: 

1) at t = 0, the concentration of the impurity in 

the area of study is set; 

2) at the boundary where the flow enters the 

study area, the condition C = C1 is set, where C1 is 

a known known concentration of an impurity. 

3) at the boundary where the flow leaves the 

study area, 0
С

n





 is set, where n is a unit vector 

of the normal to the boundary. 

For the numerical integration of equation (4),  

a rectangular difference grid is used. To build a 

numerical model, the following physical splitting 

of the equation is performed: 
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The splitting scheme for the convective 

transport equation is written as follows: 

– at the first step of the splitting, the difference 

equation is as follows: 
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– in the second step of the splitting, the differ-

ence equation is as follows: 

 

1

, , 1 1 0.

n k

i j i j n n

x y

C C
L C L C

t



   


  
  

The unknown value of C in each equation is de-

termined by the «running account» formula. 

For the numerical integration of the diffusion 

equation, a two-stage difference splitting scheme 

(A. A. Samarsky's scheme) is used, which has the 

form: 
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The unknown value of C in each equation is de-

termined by the «running account» formula. 

The computer code was created on the basis of 

the developed numerical model. The programming 

language is FORTRAN.  

To conduct a computational experiment based 

on the developed computer code, the following 

data need to be specified: 

1) the size of the calculation area; 

2) the location of the landfill; 

3) step by step; 

4) values of dispersion coefficients; 

5) hydrological parameters of the underground 

flow; 

6) intensity of infiltrate emission into the 

groundwater flow; 

7) capacity of the aeration zone; 

8) filtration coefficient of aeration zones; 

9) permeability (for aeration zone and aquifer). 

In the computational experiment, the modeling 

is performed as follows: 
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1) calculate the infiltrate migration in the aera-

tion zone for the time step Δt. The intensity of con-

tamination of the aeration zone is determined the 

boundary of the soaking zone within the aeration 

zone is determined.  

2) determine the time when the infiltrate seeps 

to the boundary «aeration zone – free groundwater 

surface». This will be the time when the contami-

nation of the groundwater flow under the landfill 

begins. 

3) Determine the rate of infiltration of the impu-

rity from the landfill into the underground stream. 

4) the calculation of the dynamics of the for-

mation of the contamination area in groundwater 

begins. 

Findings 

The developed numerical models were used to 

solve the modeling problem. The leachate leakage 

from the landfill was considered and the task was 

to study the dynamics of the contamination zone 

formation in the groundwater under the landfill. 

The results of the computational experiment are 

shown in Figs. 5–8. The time and concentration of 

chlorides in groundwater are shown in a dimen-

sionless form. 

 

Fig. 5. Contaminated zone in ground waters, t = 2.2 
 

 

Fig. 6. Contaminated zone in ground waters, t = 2.6 

 

Fig.7. Contaminated zone in ground waters, t = 2.9 

 

Fig. 8. Contaminated zone in ground waters, t = 3.4 

The analysis of the data in Figs. 5–8 shows that 

over time, the contamination zone increases in size 

and «stretches» in the direction of groundwater 

flow. The width of the contamination zone increas-

es due to dispersion. 

Worthy of note that computational time was  

4 sec. 

Originality and practical value 

Numerical models of filtration and mass trans-

fer of impurities during the migration of infiltrate 

from a solid waste landfill through the aeration 

zone and into groundwater have been developed. 

A special feature of the proposed mathematical 

models is the use of standard hydrological infor-

mation. The models are aimed at solving complex 

problems in the field of environmental safety and 

protection. The developed models make it possible 

to determine the negative impact of landfills on the 

environment at the stage of justifying the location 

of future landfills and their size. 

Conclusions 

1. A mathematical model has been developed to 

analyze the dynamics of contamination of the aera-

tion zone during the infiltration of an impurity 

from a solid waste landfill. The modeling is based 
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on the equations of new-dimensional filtration and 

mass transfer. 

2. A mathematical model for predicting 

groundwater contamination by infiltrate from  

a solid waste landfill was developed. 

3. The proposed mathematical models use 

standard hydrological information, which is im-

portant for serial calculations in design organiza-

tions. 
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Математичне моделювання фільтрації та геоміграції в умовах техноген-

ного навантаження 

Мета. У роботі передбачено розробити математичні моделі для прогнозування процесів забруднення зо-

ни аерації та підземних вод у разі витоку фільтрату з полігону твердих побутових відходів. Математичні 

моделі враховують типові гідрологічні параметри: пористість зони аерації, водоносного горизонту, коефіці-

єнт фільтрації зони аерації, коефіцієнт фільтрації підземного водоносного горизонту, інтенсивність інфільт-

рації фільтрату в зону аерації та підземний водоносний горизонт. Методика. Для моделювання процесу міг-

рації інфільтрату в зоні аерації використано одновимірне рівняння фільтрації та одновимірне рівняння масо-

переносу. Моделювання процесу забруднення підземного водоносного горизонту, до якого надходить інфі-

льтрат з полігону, проведено на базі двовимірного рівняння (планова модель) геоміграції. Для чисельного 

інтегрування рівнянь моделі використано зміннотрикутну скінченнорізницеву схему розщеплення. Чисельне 

інтегрування двовимірного рівняння геоміграції виконано за схемою розщеплення. Особливістю запропоно-

ваних чисельних моделей є те, що значення невідомої функції можна визначити за явною формулою.  

Результати. Розроблено чисельні моделі для розв’язання комплексної задачі прогнозування забруднення 

зони аерації та підземного потоку в разі інфільтрації домішки з полігону твердих побутових відходів.  

Наукова новизна. Запропоновано чисельні моделі фільтрації та масопереносу домішок у випадку міграції 

інфільтрату з міського полігону твердих побутових відходів через зону аерації та в підземні води. Для засто-

сування цих математичних моделей потрібно стандартна гідрологічна інформація. Моделі спрямовані на 

розв’язання комплексних задач у сфері екологічної безпеки та охорони довкілля. Вони дають можливість 

визначати негативний вплив полігонів ТПВ на навколишнє середовище на етапі обґрунтування місця розта-

шування майбутніх полігонів та їх розмірів. Практична значимість. Запропоновані математичні моделі 

використовують стандартну гідрологічну інформацію, що важливо для серійних розрахунків у проєктних 

організаціях, і можуть бути корисними для оцінки впливу полігонів ТПВ на забруднення навколишнього 

середовища. 
Ключові слова: полігон твердих побутових відходів (ТПВ); забруднення зони аерації; забруднення підзе-

мних вод; математична модель; рівняння фільтрації; рівняння масопереносу 
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