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Mathematical models for water treatment problems

Purpose. Assessing the efficiency of water treatment in different structures is a problem of big importance.
To solve this a problem, it is necessary to have mathematical models that allow to quickly obtain data on the
cleaning effect in different structures. The aim of the work is to develop numerical models to determine the
efficiency of water treatment in an aeration tanks, settlers and mixers. Methodology. For mathematical modeling of
the process of water treatment in a bioreactor, balance equations were used. These equations allow to determine
concentrations of substrate, activated sludge and dissolved oxygen in s structure. The Monod model is used to
calculate the substrate oxidation process. To study effectiveness of water treatment process in vertical settler Euler’s
equation were used with convective-diffusive equation. To simulate reagent mixing in mixer equation of potential
and convective-diffusive equation were used. To solve governing equations finite- difference schemes of splitting
were used. Findings. A tool for theoretical assessment mass transfer processes in aeration tank, vertical settler,
mixer was developed. Originality. Effective numerical models to simulate water treatment in bioreactor, vertical
settler, mixer were developed. Fundamental equations of Fluid Dynamics and Mass Transfer were used to build the
models. Proposed models can be used in practice at the stage of «sketch designing». The models take into account
the main physical parameters which influence the process of Mass Transfer and are quick computing.
Practical value. The constructed mathematical model can be useful during the reconstruction and designing
structures for water treatment. Computer programs have been developed to carry out numerical experiment.
The results of a computer experiment are presented.

Key words: water treatment; aeration tank; settler; mixer; mathematical modelling; water use

Introduction tanks, settlers, etc (Fig. 1-3) [2-3, 5-14]. The use
of these structures requires application of efficient
mathematical models. In practice for water treat-
ment empirical, analytical models [2, 3, 5, 6] and
numerical models [1, 9-11] are used.

The problem of water treatment is very im-
portant in the field of water use. Water treatment
requires the use of various structures operating un-
der different load conditions reagent mixer, air
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Fig. 3. Settler (https://cutt.ly/Oe5SME8XR)

It should be emphasized that for practice it is
important to have quick computing numerical
models. It is important that these models must take
into account the most important physical factors.
Such models are called “screening models” and are
an effective tool in designing.

Purpose

The objective of this paper is development of
numerical models to simulate mass transfer pro-
cesses in bioreactors, settlers, mixers.

Methodology

Modeling biological wastewater treatment.

To describe the biological wastewater treatment
process in the aeration tank the following equa-
tions are used [1, 13]:

B - Q) X )= QW X 1 X —K, - X: ()

d';’—to ~Q(t)- DO, (t) —Q(t)- DO(t) +
KouX |

+KLa(DOmax _DO)_ Y ’

(2)

dS _ v e o, am X
5 -0 S0-QV-sO-T @)

s DO
S+K, kpo +DO’

U= Uax (4)

where t — time; Q(t) — wastewater flow; Xin(t) —
concentration of activated sludge entering the aera-
tion tank; Si, — the concentration of the substrate
entering the aeration tank; Kq — coefficient that
takes into account the rate of biomass extinction;
DO — oxygen concentration in wastewater; DOmax—
the maximum value of oxygen concentration in
wastewater; DOi, — o0xygen concentration in
wastewater entering the reactor; Ko, Ks, Kia, ttmax,
Koo, Y — parameters [13].

Equations (1)—(3) express the law of conserva-
tion of mass for substrate, dissolved oxygen and
activated sludge in the reactor. Equation (4) shows
the relationship between the biomass growth rate
in the bioreactor as a function of the dissolved ox-
ygen concentration and the substrate concentration
in the bioreactor.

For the system of equations (1)—(3) it is neces-
sary to set the initial conditions at t=0:

X =Xy;S =S,; D0 =DO,.

Modeling equations (1)—(3) make it possible to
determine how the concentration of the substrate
(impurity) in the bioreactor, as well as dissolved
oxygen and activated sludge, changes over time.

To solve governing equations Euler’s method
was used, so difference equations were as follows:
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XM =X"4dt-Q,(t")- X", (t") -
—dt-Q,(t")- X" +dt-u"-X", (5)

S™ =8"+dt-Q,(t")-S",, —
n
—dt-Q, (t")-S", (t) —dt -;‘.—Wx“ﬂ, (6)
DO =DO" +dt-Q, (t")-DO",, —

K, u"
—dt-Q, (t")-DO" (t)—dt-—2— X" (7
Q, (") ) YW (7)

where W,

Coding of numerical model was carried out us-
ing FORTRAN.

Modeling water treatment in Settler.

To study effectiveness of wastewater treatment
process in vertical settler the following equation
was used:

aC ouC o(v-wy)C
o ox oy

0 oC 0 oC
:&(“xa}a(% aj’ ©

where C — pollutant concentration in wastewater
which is treated in vertical settler; u, v — compo-
nents of velocity vector; uy, uy — diffusion coeffi-
cients; wg — Stocks’s velocity of fallout.

Boundary conditions are as follows:

1) at inlet boundary:

C:Cin,
where Ci, is known concentration in wastewater;
2) at outlet boundary:
C(i+1, j)=C(i, j),

where C(i+1, j) — concentration in the last compu-
tational cell; C(i, j) is concentration in the previous
computational cell;

3) at the solid surfaces: the boundary condition
was as follows:

© o
on

The initial condition is C=Cy, where Cy —
known concentration.

To construct numerical model of pollutant dis-
persion, equation (8) is split as follows:

©ac o)
o ox ax\ )

e T (10)
o oy oyl o

Further, the following transformation were
made:
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R ’
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After these transformations, the following finite
difference scheme was used to solve equation (6):
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— at the first step:

C _Cn + ~k + ~k - N,
T +L C MXXC +MXXC,
— at the second step:
cMl _ck
—"”‘At LK 4 L CM =M CT + M CM

Finite difference scheme to integrate equation
(7) has the following view
— at the first step:

k n
Ciix —Ci

k + ~k + ~k -
o +L,C* =M C"+M C",
— at the second step:
Clnlﬂk Ck - +1 + - +1
T +L,C"™ =M C"+M C™

To integrate equation (5) it is necessary to
know the velocity inside settler. To solve this prob-
lem the following governing equations were used:

2 2
6—2+a—2 =—, (11)
ox= oy
80) aum GV(D 0 (12)
8t X ay

where m:a—u—@ — vorticity; y — flow function.
oy OX

Velocity components are determined as follows:

ul =-v, N _ u.
OX oy
Boundary and initial conditions are described in

[4].

To solve equation of vorticity transfer two-
steps scheme of splitting was used:

— at the first step:

w:;%+mn- U o™ a2

]+ i+1, 0, ] i+lj i-1,j +
At AX
+ +
Vi i+19ij Vi, j19i j _0
Ay ’

— at the second step:

n+1 n+1 - n+1 - n+l
@y 7Oy YO T O

At AX

+

n+1 - n+l
VI J+l(0| jH Vi
+

Ay

To solve equation for flow function, it was
written in the following form:

2 2
v _0y o, o
where 1 — «fictitious» time.
Further, the following scheme of splitting was
used:
— at the first step:

n+ -
At 2
— at the second step:
n+ n+ n+
Vi, j}/_\lllj :_ }/_Wl—l}j_\vi,j}/ IJZ_
At AX? Ay® ’
— at the third step:
n+ n+ n+ n+ n+
WI J/ }/ I+l/j Ij/ |j+/1 Wl j/ .
At AX? Ay? ’

— at the fourth step:

" n+ —
\VE 1_\V|] / &
At 2

— 1
where W= 4(03 + oy 1,j1195,j 1+(’0I] 1)

Computational procedure is finished when the
following condition is fulfilled:

n+1

\\v v il<e,

where ¢ = 0.001, n — iteration number.

Creative Commons Attribution 4.0 International
doi: https://doi.org/10.15802/stp2025/324157

© M. M. Biliaiev, V. A. Kozachyna, M. V. Kyrychenko,
M. O. Skuratov, A. O. Chirkov, H. K. Filonenko, 2025


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.15802/stp2023/292720

EKOJIOI'A TA IIPOMUCJIOBA BE3IIEKA

ISSN 2307-3489 (Print), ISSN 2307-6666 (Online)

Hayka ta nporpec tpancnopty, 2025, Ne 1 (109)

To compute vorticity at the corner points spe-
cial procedure was used [4]. Velocity components
were calculated as follows:

~ Vija Vi Vi Vi
M Ay PR AX '

Velocity components were used when numeri-
cal integration of equation (5) was carried out.

Modeling reagent transfer in mixer.

To simulate the process of reagent dispersion in
mixer two governing equations were used:

aC ouC o(v-wy)C
ot ox oy

——kC+£( §j+ﬁ o +
o My x ) oy H, oy

+QS(x—%)3(y - y;), (13)

OR OuR ovR
—t—t—=
o ox oy
0 oR) 0O oR
=kC+—|u,— |+—|un,— |, (14
ax(uxaxj @(Hyayj (14)

where C — insoluble reagent concentration in wa-
ter; R — dissolved reagent concentration in water; k
— coefficient of dissolution rate; u, v — components
of water velocity vector; wy — gravity fallout speed;
Wty — diffusion coefficients; Q — reagent rate
supply into mixer; X, yi — coordinates of reagent
supply.

Boundary conditions for equation (13) and
equation (14) are similar to the boundary condi-
tions for equation (8).

Flow in the mixer was simulated using model
of potential flow. In this case the governing equa-
tion was:

0’°P %P
ox= oy
where P is velocity potential.

Components of velocity vector are determined
as follows:

0, (15)

Boundary conditions are:
1. At inlet boundary: Z_PZVO’ where Vo —
X

known velocity.
2. At outlet boundary: P=Const.

3. At the solid boundaries: Z—P:O, n — normal
n

to the solid surface.

Method of equations numerical integration is
considered only for equation (14), because equa-
tion (13) and equation (14) are equivalent from
mathematical point of view, both are convective-
diffusive equations.

Firstly equation (14) was split as follows:

@+%+%=O, (15)
o x| oy
OoR 0 OR 0 OR
Ry, B2y B e
a ax(“*ax}ay(”yayj (19)
OR
— =kC. 17
- (17)

Finite difference scheme for equation (15) is
written as follows:
— at the first step:

k _RM
i, i, k k .
#+ LR+ LR =0;
— at the second step:
RM_RK )
1,] At 1,] + LXRn+1 + Lan+l =O,
where L, L, L, L, are finite-difference operators
which were mentioned above.
To solve equation (16) two steps scheme of
conditional approximation was used:
— at the first step:

A
Rij®—RY _
At
n+% n > n+§ n+§
B _Ri,j +Ri711 _Ri,j +Ri,j—l )
- “‘X AXZ + l’ly Ayz ]
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— at the second step:

n+=

R R _
At
B RiTl,lj - Rir,]}rl Rir,1j++1-l - Rir,]}rl
=1 My T T Hy A—y2

Euler’s method was used for equation (17) in-
tegration.

FORTRAN was used for coding equations of
all described numerical models.

Findings

Below are the results of model problem solu-
tion for vertical settler. The aim of simulation was
to be ensure that developed models can model
mass transfer in regions with comprehensive geo-
metrical form without losing stability.

Four Scenarios were considered for vertical set-
tler:

1.Scenario # 1: vertical settler, no additional
elements inside (Fig. 4).

2.Scenario # 2: vertical settler with additional
element: short plate (Fig. 5).

3. Scenario # 3: vertical settler with additional
element: long plate (Fig. 6).

4, Scenario # 4: vertical settler with two addi-
tional elements (Fig. 7).

|

Fig. 4. Sketch of computational region, Scenario #1,
no additional elements in settler

’

- 1 | —

Fig. 5. Sketch of computational region, Scenario #2,
short plate

Fig. 6. Sketch of computational region, Scenario #3,
long plate

Fig. 7. Sketch of computational region, Scenario #4,
two additional plates
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Fig.8 Pollutant concentration inside settler,
Scenario #1
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Fig. 9. Pollutant concentration inside settler,
Scenario #2

Creative Commons Attribution 4.0 International
doi: https://doi.org/10.15802/stp2025/324157

10

© M. M. Biliaiev, V. A. Kozachyna, M. V. Kyrychenko,
M. O. Skuratov, A. O. Chirkov, H. K. Filonenko, 2025


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.15802/stp2023/292720

EKOJIOI'A TA IIPOMUCJIOBA BE3IIEKA

ISSN 2307-3489 (Print), ISSN 2307-6666 (Online)

Hayka ta nporpec tpancnopty, 2025, Ne 1 (109)

8.418E+81

8.333E- Bl

8. 188E+88
8. 168E+88

coordinate x 8.784E+81

Fig. 10. Pollutant concentration inside settler,
Scenario #3

8.419E+81

0. 160E+88 8. 784E+81

coordinate x

Fig. 11. Pollutant concentration inside settler,
Scenario #4

As can be seen from the figures above, addi-
tional elements inside the settler causes defor-
mation of pollutant concentration field. Near these
elements regions with high gradient concentrations
were formed.

Loss of stability was not occurred during the
computational experiment. The calculation time
was 3 s for each scenario.

Originality and Practical value

The article discusses effective numerical mod-
els to simulate water treatment in bioreactor, verti-
cal settler, mixer. Fundamental equations of Fluid
Dynamics and Mass Transfer were used to build
the models.

The proposed models can be used in practice at
the stage of «sketch designing». The models take
into account the main physical parameters wch
influence the process of Mass Transfer and are
quick computing.

Conclusions

1.The article proposes effective numerical
models for analyzing the processes of mass trans-
fer in different structures for water treatment.

2. The models will be useful at the stage of
«sketch designing».

3. In the future, this scientific direction should
be developed in the field of developing three-
dimensional numerical models for analyzing the
processes of mass transfer.
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MarteMaTH4Hi MoJieJIi B 3a1a4aX OYHIIIEHHS BOIH

Mera. OrmiHka eeKTHBHOCTI OYHIICHHS BOJIU B PI3HUX CIIOPYNaX € aKTyalbHOIO mpobiemoro. [t ii Bupinres-
HS HEOOXiTHO MaTH MaTeMaTHYHI MOJEI, sIKi JO3BOJITIOTH MIBHIKO OTPUMYBATH JaHi PO e()eKTHBHICTH OYUIICHHS
B pi3HHUX crnopyngax. OCHOBHOIO METOI0 pOOOTH € po3poOKa YMCENBHUX MOJENel Ui BU3HAUCHHS €(eKTHBHOCTI
OUMIICHHS BOJM B aepOTEHKaX, BI/ICTIHHUKAX Ta 3MinryBadax. Meroanka. /{11 MaTeMaTHuHOTO MOJICJIFOBAHHS IIPO-
[ECY OYHUIIICHHS BOJU B 0i0pEaKkTOpi BUKOPUCTAHO OaaHCOBI piBHSHHS. L{i pIBHSHHS J03BOJIIOTH BU3HAYUTH KOH-
LeHTpalii cyocTpary, akTHBHOTO MYJIy Ta PO3YHMHEHOT0 KHCHIO B Horo ckiai. st po3paxyHKy nporecy OKHCIIeH-
Hsl cyOcTpary BUKOopHcTaHo Mozenns MoHo. [1ix 4ac gociikeHHs e(eKTUBHOCTI MPOLIECY OYMIIEHHS BOJIU Y BEpTHU-
KaJIbHOMY BiJICTIHHMKY piBHsHHS Eiinepa Oyno NONOBHEHO KOHBEKTHBHO-AWMGY3iHHUM piBHSHHIM. J{Jst Mozento-
BaHHs MEpEMIlyBaHHS pPEareHTIB y 3MilllyBaui BUKOPHCTAHO PIBHSIHHS TOTEHIIaly Ta KOHBEKTHBHO-AM(Y3iiiHe
piBHAHHs. PO3B'sI3aHHS MOAENIOBAIBHUX PIBHSAHB 3/iHCHEHO 3a JOTIOMOTOI0 CKIHYEHHOPI3HHIIEBUX CXEM pO3ILEI-
nenHs. PesyabpraTn. Po3po0ieHo iHCTpyMeHT 11l TEOPETUYHOI OLIHKK MAacOOOMIHHHX IIPOLECIB B aEPOTEHKY, BEp-
THUKaJILHOMY BiJICTIHHUKY, 3MinTyBadi. HaykoBa HoBu3Ha. Po3po0iieHo edeKkTHBHI YHCeNbHI MOJIEN JUIsl BU3HAYCH-
HS IIPOLIECIB OUYMIIECHHS BOJIM B 0iOpeakTopi, BEPTHKAILHOMY BiACTiHHUMKY, 3MinryBaui. s moOymoBu Mopeneit
B34TO (hyH/JAMEHTaJbHI PIBHSIHHS TIAPOAMHAMIKM Ta MacooOMiHy. 3alponOHOBaHI MOJEI MOXKYTh OYyTH BHKOPHC-
TaHi Ha MPaKTUI[l Ha CTajii «EeCKi3HOTO MPOEKTYBaHHS». Mojeni BpaxoBYIOTh OCHOBHI ()i3W4HI MapaMeTpH, fKi
BIUIMBAIOTH HA IIPOIIEC MACOOOMIHY, 1 € IBUAKUMH B o0uncierHi. [IpakTuyna 3Haunmictb. [loGynoBani maTema-
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EKOJIOI'A TA IIPOMUCJIOBA BE3IIEKA

TUYHI MOJEI MOXYTh OyTH KOPHCHUMH IIiJ] Yac PEKOHCTPYKIIii Ta MPOEKTYBAaHHS CIIOPY. A BOAOMIATOTOBKH Ta
OYUCTKH CTIYHHUX BOJ. Po3po0ieHo KOMI'TOTEpHI IporpaMu ISl IPOBEICHHS YHCEIBHOTO eKcriepuMeHTy. [peacra-
BJICHO Pe3yJIbTaTH KOMII' IOTEPHOT'O EKCIIEPUMEHTY.

Knrouosi crosa: BOOOMIATOTOBKA; a€pOTEHK; BiACTIHHUK; 3MIIIyBad; MaTeMaTHYHE MOJCIIOBaHHS, BOJOKOpPHC-
TYBaHHSI
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