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The Problem of Minimax Estimation of Functionals for Non-Stationary
Diffusion Processes

Purpose. To model the technological process of analysis of energy sources that use random interference, it is
necessary to apply special methods from the theory of minimax estimation and optimal control. The article proposes
a method for solving the problem of minimax estimation of functionalities for the systems with distributed parameters
with incomplete data for the process of neutron diffusion in a nuclear reactor. Methodology. In practice, in the study
of non-stationary controlled processes of functioning of different energy sources there are measurement errors. As
arule, the exact values of errors are unknown, and therefore the desired solution of the equations in partial derivatives
describing these processes is determined ambiguously. Therefore, it is advisable to set the task of calculating such an
optimal estimate, which would best approximate the unknown value, taking into account the known information about
the measurement errors. The best estimate can be achieved by applying a minimax approach to estimating functionals
from the solutions of the partial differential equations of parabolic type. Findings. For a mathematical model of the
neutron diffusion process in a nuclear reactor, the proposed method allows solving the problem of minimax estimation
of the functional determined during the solution of the system describing this process. Since in real conditions of
reactor operation there are always random obstacles (both in the equation describing the process and the function
observed), the method allows finding a minimax estimate of the functional. The problem is reduced to the problem of
optimal control with a given quality functionality, which is successfully solved. Originality. Using the methods of
minimax estimation and optimal control of systems with distributed parameters, the best a priori estimation of the
quality functional of the minimax estimation problem for the mathematical model of neutron diffusion in a nuclear
reactor is obtained. Practical value. The method of minimax estimation of functionalities for differential equations
of parabolic type proposed in the article allows reducing the problem to the problem of optimal control of the systems
with distributed parameters, which can be implemented in Maple package using known algorithms.

Keywords: minimax functionals estimation; neutron diffusion; optimal control theory; parabolic type problems

Introduction by differential and integro-differential equations in
partial derivatives [6, 8]. One of the stages of re-
search and optimal control of nonstationary neutron
diffusion process in nuclear reactors is the problem
of describing a mathematical model and estimating
the functional determined during the solution of the
system describing the process [2, 8]. Note that the so-
lution of the control problem of the system with dis-
tributed parameters is complicated by the fact that in
real conditions of the reactor operation random exter-
nal interference, noise, occur naturally. In this case,
the method of minimax functional estimation for par-
abolic equations is used. In [5, 6, 9], the algorithm of
minimax estimation of functionals for the parabolic
type equations is applied, which reduces the problem
to the problem of optimal control with a given quality
functional on the basis of the works.

Nowadays, the role of the theory of optimal con-
trol in solving various applied problems is con-
stantly growing. Continuous complication of the en-
ergy systems, increasing their capacity, makes it im-
portant to apply the control theory to optimize such
systems and their components. The systems pow-
ered by the nuclear power plants are of interest in
this regard [2, 4, 9].

The theory of optimal control of systems with dis-
tributed parameters [3, 4] considers the processes of
thermal conductivity and diffusion, which are used
during the analysis of various energy sources [2, 7].
Improvements of various chemical reactors, as well
as the chemical plants based on the use of atomic and
thermal energy, make the problem of optimizing the
thermal and diffusion processes, which are described
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Purpose

The main purpose of our study is to apply the
method of minimax estimation of functionals for the
parabolic type problem, which describes the process
of the neutron diffusion in a nuclear reactor and con-
struction of the best a priori estimation of the quality
functional.

Methodology

In practice, measurement errors take place dur-
ing the study of non-stationary controlled processes
of functioning of different energy sources. As a rule,
the exact values of errors are unknown, and there-
fore the desired solution of the equations in partial
derivatives describing these processes is determined
ambiguously. Therefore, it is advisable to set the
task of calculating such an optimal estimate, which
would best approximate the unknown value, taking
into account the known information about the meas-
urement errors. The best estimate can be achieved
by applying a minimax approach to estimating the
functionals from the solutions of the partial differ-
ential equations of parabolic type.

Findings

The nonstationary process of neutron diffusion
in a nuclear reactor (taking into account the delayed
neutrons of the first group) can be described by
equation [1, 3]

2 J—
a_N: Oalzl+k0 1N+
ot OX Ty
kA

o [IN(xt-t)e ™ dr+ f(xt) (1)

with boundary conditions:
N[,=0;N(xt)eL, [(—a, a),(O,oo)] )
and initial conditions:
N(x,0) =Ny (x)+ f (%), ()

where N — thermal neutrons density; k, — fast neu-
tron multiplication factor; T, — thermal neutron life-
time; k, — multiplication factor of the delayed neu-
trons of the first group; 1/ A, — lifetime of the delayed
neutrons of the first group; D, — diffusion coefficient.

Let us observe the value
y(t)=y, =j_aac(x) N (xt; )dx+n;,
j=1m 4)

where ¢(x)eL; (—a,a) —is a known function.
As for the functions f (x,t), f,(x)and n(t), which

are random interference, we assume that they be-
long to some area:

J': fo (X)dx+

GZ{f,T]: T ea m
+ f2(x,t)dxdt + ' n?
Ioj—a ( ) ;J

We should estimate the functional
L(N)= [ TOON (% T)dx, (6)

where [(x) —is a given piecewise continuous func-
tion.

We search for the estimation of the functional
(6) in the form

<1}.(5)

f(N):—_iujyj. ©)
j=1

We obtain the problem of finding the minimax
estimate [4, 5]:

minsgp‘l(N)—f(N)

‘2
U]

: (8)

Let us reduce the initial-boundary value problem
for the integro-differential equation (1) to the initial-
boundary value problem for the system of two dif-

ferential equations. To do this, let us introduce the
function

ky = .
rl(x,t)z?lj'o N (x,t—)edr, (9)
that satisfies the equation
o k
ElzT—:N(x,t)—xlrl(x,t). (10)

Then equation (1) becomes a system of differen-
tial equations
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oN 0°N k -1

=D, N f
= 8x2 T + 00 (X)) + f(xt) ”
0 k
ErlzﬁN —nh (X))
with initial conditions:
N (x,0)= Ny (x)+ fo (x);
r(x,0)= i (No (X)+ o (x)). (12)
0™

Let us introduce the designations

E* = 1'L :
TO}\‘l

f*(x,t) =[f (x,1),0];

(x,t)=[N(x1),n(x,D];

_ D, O
D, = ;
0 0
ko —1 A
T,
B=| ° (13)
LR,
T 1
0
Let us record (11) in vector form
N < N __
E:DOW-'-BN-F":’ (14)
N(x,0) =k™(No(x) + fo (x)); (15)
N[, = (16)

We have the following theorem:
The problem of minimax estimate of the func-

) " 2
tional Lrjnlnsup‘l (N)-I (N)‘ is equivalent to the
i G

problem of optimal system management:

oy 0? o'y u .
=D, —+-Bv —c(x)>U8(t-t,); (17)
ot 8x2 )12:;‘ J J
g0, =0; (18)
v T)=1(x), (19)
with a quality criterion
I(Uj):(IaaIZ*NO(x)\T/(x,O)dX) ¥
fa(lz*q_;(x,o))z dx +
jOT fa\TJZ(x,t)dxdt+iU.2, (20)
j=1
Where I_* = [I (X)!O]! \T](X!t) = [\Vl(xvt)i\VZ(Xv t)]
Let us replace the variables:
t=T-t;t=T —t’;a—q’z—@,. (21)

If we omit ' in the variable t, we obtain the fol-
lowing optimal control problem:

x)inS(T —t-t;); (22)
j=1

PO, = (23)
F(x,0)=T(x). (24)
It is necessary to minimize the function:
min 11U, 1=
a — 2
(j_ak*No(x)\T/(x,T)dx) +
. a = 2
=min I_a(k \y(x,T)) dx + . (25)

LI

m
(x,t)dxdt +> U7
=1

Creative Commons Attribution 4.0 International
doi: https://doi.org/10.15802/stp2021/257929

© T. F. Mykchailova, Y. A. Maksymenkova, 2021

79


http://creativecommons.org/licenses/by/4.0/

ISSN 2307-3489 (Print), ISSN 2307-6666 (Online)

Hayxka Ta nporpec Tpancnopty. BicHuk J{HiponeTpoBcbKoro

HAL[IOHAJILHOTO YHIBEPCUTETY 3alli3HHYHOr0 TpaHcnopty, 2021, Ne 6 (96)

[HOOPMALIMHO-KOMYHIKALIITHI TEXHOJIOT' I TA MATEMATUYHE MOJIEJTFOBAHHS

Let us solve the problem of optimal control.

We search the solution of problem (22) — (24) in
the form of a Fourier series by eigenfunctions of the
corresponding Sturm-Liouville problem:

0

V0t =2 (1) X, (x);

n=1

v, =(‘” (25)
X" (x)+ p°X (x)=0;
X(a)=X(-a)=0. (26)

For Fourier coefficients, problem (22) — (24) is
recorded as an infinite number of systems of two or-
dinary differential equations:

oV, ) k1) K
—=| —Dyp;, + +—=r (t)=
at ( Opn To \Vn To n()

=C, 22U (T -t-t)); (27)
=1

or,
En = 7\’lwn - 7\‘lrn'

Let us denote the elements of the fundamental
matrix of the problem (27) by F; (t),k,m=12.
They can be obtained in the closed form. Then the

solution of the initial system (22) will have the fol-
lowing form:

V(xt) =.[aaF(x, y,0)1 (y)dy+

m

+Z(IfaF(x, yt —(T ~t; ))l_(y)dY)Uj’ (28)

=t

where F(x, y,t):Z::Xi(x)Xi(y)QDi (t)

We substitute ¢(x,t) into the functional 1[U],

calculate the variation of this functional, using the
necessary optimality conditions and obtain a system
of equations
m —
U|+ZAJUj=D,,I=1,m, (29)

=i

where the matrix [A‘j } the column of free terms
D, , the coefficients pu, (x)and py(x,t) are cal-

culated by formulas:

A, =" KNo(x)f

—a

a

F(x,y.t; ) (y)dydx+

+Iaau|2 (x)I?J‘_a F(x y.t; )T (y)dydx+

) [ ([ R (. T =t e (y) dycbeet;
Dy =" [ KNy () F(x,.T)T (y) dyebe—
[ W (K [TF(x,y. )T (y)dydx -
[T B[ R (%21 (y)dyaet
b= [ R Ny (F (vt e (y) e
iy (x) = KF(x )T (y)dy;

us (6t) = [ Ry (% y,t=(T =t (y)dy.
From the system (29) we determine the impulse

m -1
controls U, = > G, D; where G, =[I +A1j] :

1
We define functions ¥(X,t) from (28). Having

substituted the obtained values \T!(X,t)and U, in

(25), we find the best a priori estimate of the func-
tional (20).

The proposed method of minimax estimation
can be implemented on a PC using the Maple sys-
tem [1, 3, 10].

The given solution method of the problem of
minimax estimation of functionalities for the sys-
tems with distributed parameters in case of incom-
plete data will allow investigating the nonstationary
processes in modern energy systems using the the-
ory of optimal control. Since in real conditions of
reactor operation there are always random obstacles
(both in the equation describing the process and the
function observed), the method allows finding
a minimum estimate of the functional. The problem
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is reduced to the problem of optimal control with
a given quality functionality, which can be success-
fully solved.

Originality and practical value

It is shown that using the methods of optimal
control theory for parabolic problems it is possible
to solve the problem of minimax estimation of func-
tionalities for the systems with distributed parame-
ters in case of incomplete data, which simulates the
process of neutron diffusion in a nuclear reactor. The
proposed methodology allows implementing the al-
gorithm of direct finding the best a priori estimate of

the quality functional for the diffusion process in
a nuclear reactor. For specific numerical data, this
can be implemented in the Maple system.

Conclusions

This article describes the method of minimax es-
timation of functionalities in models of nonstation-
ary diffusion processes in energy systems with in-
complete data. In particular, the problem of minimax
estimation of the functional can be solved using the
methods of the optimal control theory.
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3agaya MiHIMAKCHOTO OLIHIOBAHHSA (PYHKIIOHAJIB /151 HECTALIOHAPHUX
npoueciB audysii

Merta. [Iy11 MoenIOBaHHS TEXHOJIOTIYHOTO MPOLECY aHali3y JKepel eHeprii, 0 BUKOPUCTOBYE BUIIAJKOBI Ie-
pemKoan, HeoOXiJHO 3aCTOCYBATH CIEUiadbHI METOIH 3 TEOpii MiHIMAKCHOTO OILIHIOBAHHS Ta ONTHMAJIBHOTO Kepy-
BaHHS. Y CTaTTi mepeadadeHo po3poOUTH METOANKY PO3B’s3aHHS 3a7adi MIHIMAKCHOTO OMiHIOBaHHS (HYHKIIIOHAIIB
U CUCTEM 13 PO3IIOIIICHUMH TTapaMeTpaMy 3a HeTTOBHHUX AHUX JJI mporecy audy3ii HEHTpOoHIB y ssaepHOMY pea-
ktopi. Meroauka. Ha mpakturi mix yac gociimpkeHHs HECTaIllOHAPHUX KEPOBAHUX MPOLECIB (HYHKIIOHYBAaHHS Pi3-
HUX JDKEpEN eHeprii MaloTh Miclle MOXHOKH BUMIpIOBaHb. SIK MpaBWIIO, TOYHI 3HAYEHHS MOXMOOK HEBiIOMI, i TOMY
LIYKaHUH pO3B’ 30K PiBHSIHB Y YACTHHHUX MOX1THHX, 1110 ONHUCYIOTh YKa3aHi MPOIecH, BU3HAYAETHCSI HEOAHO3HAYHO.
VY 3B’s3Ky 3 UM JOLIJILHO CTaBUTH 3aa4y OOYMCIICHHS TaKoi ONTHMAIIBHOT OLIIHKH, sIKa HaKpaIluM YUHOM HaOJu-
kaja O HEeBIIOMY BEJNMYMHY 3 ypaxyBaHHIM Bimomol iHpopMauii npo noxuOku BuMipiB. Halikpara orinka Moxe
OyTHu JI0CATHYTA 32 YMOBH 3aCTOCYBaHHSI MiHIMAKCHOTO T1JIXO/ly OLliHIOBAaHHS ()YHKI[IOHAJIIB BiJl pO3B’sI3KiB PiBHSIHb
13 YACTHHHUMH MOX1THUMH NapadomiyHoro tumy. PesyabraTn. 111 MaTeMaTH4HOT MOJIEII Mpoliecy Tudy3ii HeUTpo-
HIB Y SJCPHOMY PEaKTOpi 3aIpOIIOHOBaHa METO/IMKA JI03BOJISIE PO3B’SI3aTH 3a]a4y MIHIMAKCHOTO OL[IHIOBaHHS (yHK-
ioHaNa, BU3HAYSHOTO IiJT 9ac PO3B’sI3KY CUCTEMH, IO OIHKCYE el mporec. OCKiIbKU B peaJbHUX yMOBax (QyHKIIiO-
HYBaHHS peakToOpa 3aBXIU HASBHI BHIAJKOBI MEPEIIKONU (SK y PIBHSAHHI, IO OMHKCYE IMPOIEC, TakK i B (YHKIIII,
0 CIOCTEPIraeThes), METOIMKA JO3BOJISIE 3HAMTH MiHIMAKCHY OIIHKY ¢yHKIioHana. [Ipu mpomy 3agada 3BOTUTHCS
0 3aJavi ONTHMAaJIBHOTO KEPYBaHHSA i3 3aJaHUM (YHKIIOHAJIOM SKOCTi, SKy MOJXXHA YCIIIIHO pO3B’SA3aTH.
HaykoBa HoBH3HA. 32 IOIIOMOTO0 METOAIB MiHIMAKCHOTO OLIHIOBaHHS Ta ONTHUMAIILHOTO KEPYBaHHS CUCTEMaMHU
3 PO3MOJIJICHUMH apaMeTpaMy OJIep)KaHo HaliKpanly anpiopHy OLiHKY QyHKIIOHANA SKOCTI I MAaTEMaTHYHOI MO-
neni qudy3ii HeUTPOHIB Y sAAepHOMY peakTopi. IIpakTHYHA 3HAYMMICTh. 3alIPONOHOBAHA B CTATTI METOAMKA MiHi-
MaKCHOTO OL[IHIOBaHHS (DYHKIIOHAJIB JUIsl IU(epeHiaIbHUX PIBHSHb MapaboiuHOrO THILY IO3BOJISIE 3BECTH 33/1a4y
JI0 33/1a4i ONITHMAJILHOTO KEPYBaHHS CUCTEMaMH 3 PO3IIOIICHUMH NapaMeTpaMy, sika Moxe OyTH peasti3oBaHa B Iia-
keTi Maple 3 BUKOPHCTaHHSIM BiJIOMUX aJITOPUTMIB.

Kniouosi cnosa. miHiMakcHa oriHka (yHKUioHaNiB; MuUdy3is HEHTPOHIB; TEOPisl ONTHUMAIBLHOTO KEpyBaHHS;
3a7a4i napaboIiYHOTO THITY

REFERENCES

1. Babich, Y. A., & Michaylova, T. F. (2018). Approximation of Periodic Functions of Many Variables by func-
tions of Smaller Number of Variables in Orlicz Metric Spaces. Ukrains 'kyi Matematychnyi Zhurnal, 70(8),
1143-1148. (in Russian)

2. Yegorov, A. . (1978). Optimalnoe upravlenie teplovymi i diffuzionnymi protsessami. Moscow: Nauka.

(in Russian)

3. Yegorov, A. I. (2016). Obyknovennye differentsialnye uravneniya i sistema Maple. Moscow: COLON-PPYeSS.
(in Russian)

4. Nakonechniy, A. G., Akimenko, V. V., & Trofimchuk, O. Yu. (2007). Model optimalnogo upravleniya sistemoy
integro-differentsialnikh uravneniy s vyrozhdayushcheysya parabolichnostyu. Cybernetics and Systems
Analysis, 6, 90-102. (in Russian)

5. Nakonechnyy, A. G. (1985). Minimaksnoe otsenivanie funktsionalov ot resheniy variatsionnykh uravneniy v gil-
bertovykh prostranstvakh. Kyiv: KGU. (in Russian)

6. Nakonechnyy, O. G. (2004). Optymaljne keruvannja ta ocinjuvannja v rivnjannjakh iz chastynnymy pokhidnymy:
navchaljnyj posibnyk. Kyiv: Vydavnycho-polighrafichnyj centr «Kyjivsjkyj universytety. (in Ukrainian)

7. Galaktionov, V. A., & Svirshchevskii, S. R. (2007). Exact solutions and invariant subspaces of nonlinear partial
differential equations in mechanics and physics. Chapman & Hall/CRC Press. (in English)

8. Kapustyan, V. O., & Pyshnograiev, I. O. (2016). Approximate Optimal Control for Parabolic—Hyperbolic Equa-
tions with Nonlocal Boundary Conditions and General Quadratic Quality Criterion (pp. 387-401).
Advances in Dynamical Systems and Control. DOI: https://doi.org/10.1007/978-3-319-40673-2_21
(in English)

9. Kapustyan, V. O., & Pyshnograiev, I. O. (2015). Minimax Estimates for Solutions of parabolic-hyperbolyc equa-
tions with Nonlocal Boundary Conditions (pp. 277-296). Continuous and Distributed Systems II.

DOI: https://doi.org/10.1007/978-3-319-19075-4_17 (in English)

Creative Commons Attribution 4.0 International
doi: https://doi.org/10.15802/stp2021/257929 © T. F. Mykchailova, Y. A. Maksymenkova, 2021

82


http://creativecommons.org/licenses/by/4.0/
https://scholar.google.com.ua/scholar?oi=bibs&cluster=11987690967715435280&btnI=1&hl=uk
https://scholar.google.com.ua/scholar?oi=bibs&cluster=11987690967715435280&btnI=1&hl=uk
https://doi.org/10.1007/978-3-319-19075-4_17

ISSN 2307-3489 (Print), ISSN 2307-6666 (Online)

Hayka Ta nporpec tpancropry. Bicuuk J{HinponeTpoBcbKoro
HAL[IOHAJILHOTO YHIBEPCUTETY 3alli3HHYHOr0 TpaHcnopty, 2021, Ne 6 (96)

[HOOPMALIMHO-KOMYHIKALIITHI TEXHOJIOT' I TA MATEMATUYHE MOJIEJTFOBAHHS

10. Kogut, P. I., & Maksimenkova, Yu. A. (2017). On regularity of weak solution to one class of initial-boundary
value problem with pseudo-differential operators. Journal of Optimization, Differential Equations, and
Their Applications, 25(8), 70-108. DOI: https://doi.org/10.15421/141705 (in English)

Received: August 13, 2021
Accepted: December 14, 2021

Creative Commons Attribution 4.0 International
doi: https://doi.org/10.15802/stp2021/257929 © T. F. Mykchailova, Y. A. Maksymenkova, 2021

83


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.15421/141705



