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3D MODELING OF BIOLOGICAL WASTEWATER TREATMENT IN 

AERATION TANK 

Purpose. The main purpose of the article is to develop a 3D CFD model for modeling the process of biological 

wastewater treatment in an aeration tank. Methodology. For mathematical modeling of the process of biological 

wastewater treatment in the reactor, taking into account the flow hydrodynamics, geometric shape of the aeration 

tank, convective-diffusion transfer of the substrate and activated sludge, a 3D CFD model was built. The model is 

based on the three-dimensional equation of motion of an ideal liquid and the equation of mass conservation for the 

substrate, activated sludge. The field of sewage flow rate in the aeration tank is calculated based on the velocity 

potential equation. The process of biological transformation of the substrate is calculated on the basis of the Monod 

model. The splitting scheme was used for numerical integration of the equations of convective-diffusion transfer of 

activated sludge and substrate. The splitting is carried out in such a way to take into account the transfer of substrate 

(activated sludge) in only one direction at each step of splitting. The calculation of the unknown value of the sub-

strate (activated sludge) concentration is carried out according to an explicit scheme. The Richardson method is used 

to numerically integrate the three-dimensional equation for the velocity potential, and the unknown value of the ve-

locity potential is calculated by an explicit formula. Euler's method is used for numerical integration of equations 

describing the process of substrate transformation and change in activated sludge concentration (Monod model). 

Findings. The software implementation of the constructed 3D CFD model is carried out. A description of the struc-

ture of the developed software package is provided. The results of a computer experiment to study the process of 

wastewater treatment in an aeration tank with additional elements are presented. Originality. A new multifactor 

3D CFD model has been developed, which allows quick assessing the efficiency of biological treatment in an aera-

tion tank. Practical value. The constructed 3D CFD model can be used to analyze the efficiency of the aeration tank 

under different operating conditions at the stage of sketch design of wastewater treatment systems. 
Keywords: water treatment; biological water treatment; mathematical modeling; aeration tank; Monod model 
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Introduction 

To determine the efficiency of biological 

wastewater treatment at the design stage of aera-

tion tanks, it is necessary to use special mathemati-

cal models [3, 4, 6]. Nowadays, balance, empirical 

and analytical models are most often used to solve 

this problem [1–5, 7–17]. But in some cases, these 

models cannot provide a reliable result, because 

they do not take into account primarily the geomet-

ric shape of the reactor and the process of hydro-

dynamics, as well as a number of other parameters. 

In this regard, the problem of the development of 

mathematical models that allow theoretical inves-

tigation of the process of biological wastewater 

treatment in aeration tanks, taking into account the 

most important factors is relevant [1, 2, 6–10]. 

Purpose 

The work is aimed to develop a three-

dimensional CFD-model of the process of biologi-

cal wastewater treatment in aeration tanks. The 

model must perform real-time calculation. In addi-

tion, the model should be acceptable for implemen-

tation on low- and medium-power computers. 

Methodology 

To model the biological wastewater treatment in 

the aeration tank the following equations are used:  

S uS vS wS

t x y z

   
   

   
 

х у z

S S S

x x y y z z

          
          
          

; (1) 

X uX vX wX

t x y z

   
   
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х у z

X X X

x x y y z z

          
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; (2) 

 d

dX
X K X

dt
   ; (3) 

 
dS

X
dt Y


  , (4) 

 max

s

S

S K
   


, 

where dK  – extinction coefficient of activated 

sludge; t  – time; ( , , , )X x y z t  – concentration of 

activated sludge in the bioreactor; ( , , , )S x y z t  – 

substrate concentration in the bioreactor; , , ( )x y z t  

– empirical parameter; max  – parameter in the 

Mono model; Y  – empirical parameter; sK  – pa-

rameter in the Mono model; ( , , )u x y z , ( , , )v x y z , 

( , , )w x y z  – components of the water flow rate in 

the bioreactor, in the direction of the axes , ,x y z , 

respectively; , ,x y z    – diffusion coefficients, 

respectively, in the direction , ,x y z ; t  – time. 

Let us note that the diffusion coefficients 

, ,x y z    are different values, but in the scientific 

literature there is a significant shortage of data on 

their values. Therefore, in practice, the calculations 

are carried out under the condition x y z   . 

Determining these parameters experimentally is  

a rather difficult task. 

For practical use of equations of model (1) – 

(4) it is necessary to calculate the non-uniform 

flow velocity field in the reactor, i.e. to determine 

the parameters ( , , )u x y z , ( , , )v x y z , ( , , )w x y z , 

under the action of these parameters there is a con-

vective transfer of substrate and activated sludge in 

the bioreactor. To calculate the non-uniform flow 

velocity field in the bioreactor, we use the  

3D equation for the velocity potential: 

 
2 2 2

2 2 2
0

P P P

x y z

  
  

  
; (5) 

 , ,
P P P

u v w
x y z

  
  
  

. (6) 

The boundary conditions for modeling equa-

tions are as follows:  

– on the surfaces of the building, solid walls, 

upper surface: 0, 0, 0
P S X

n n n

  
  

  
, where  

n  – outward normal to a surface; 
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– at the entrance boundary: 

, ,in in

P
V S S X X

nn


  


, where V

n
 – flow ve-

locity; ,in inS X  – known concentration;
,
 

– at the boundary of outflow of the building: 

0P P const  , 0, 0
S X

n n

 
 

 
. 

CFD model. The method of solving the mass 

transfer equations from system (1) – (2) will be 

considered using the example only for the substrate 

transfer equation. The equation for the transfer of 

activated sludge has a similar form. The three-

dimensional equation for the substrate transfer 

from the system (1) is split into a system of one-

dimensional equations as follows: 

 

;

;

.

х

у

у

S uS S

t x x x

S vS S

t y y y

S vS S

t z z z

    
   

    

    
   

    

    
   

    

 (7) 

Equations from system (7) describe the process 

of substrate transfer in the directions of the x, y, z 

axes. 

The difference equations that make it possible 

to solve the system of equations (7) are as follows:  

– step 1 for the first equation: 

1 1

1 2 2
1, , , , , , 1 ,2

, , , ,

n n

n i j k i j k i j k i j kn
i j k i j k

u S u S
S S t

x

 
 

  
    

1 1

2 2
, , 1, , , , 1, ,

2 2
;

n n
n n

i j k i j k i j k i j kS S S S
t t

x x

 

    
     (8) 

– step 2 for the first equation: 

1 11
1, , 1, , , , , ,1 2

, , , ,

n n
n i j k i j k i j k i j kn

i j k i j k

u S u S
S S t

x

   
  


    

1 1

1 12 2
, , 1, , , , 1, ,

2 2
,

n n
n n

i j k i j k i j k i j kS S S S
t t

x x

 
 

    
     (9) 

where ; ;
2 2

u u u u
u u  

   

– step 1 for the second equation:  

1 1

1 2 2
, 1, , , , , , 1,2

, , , ,

n n

n i j k i j k i j k i j kn
i j k i j k

v S v S
S S t

y

 
 

  
    

1 1

2 2
, , 1, , , , 1, ,

2 2
;

n n
n n

i j k i j k i j k i j kS S S S
t t

y y

 

    
     (10) 

– step 2 for the second equation:  

1 11
, 1, , , , , , 1,1 2

, , , ,

n n
n i j k i j k i j k i j kn

i j k i j k

v S v S
S S t

y

   
  


    

1 1 1 1

2 2 2 2
, , 1, , , , 1, ,

2 2
,

n n n n

i j k i j k i j k i j kS S S S
t t

y y

   

    
     (11) 

where ; ;
2 2

v v v v
v v  

   

– step 1 for the third equation:  

1 1

1 2 2
, , 1 , , , , , , 12

, , , ,

n n

n i j k i j k i j k i j kn
i j k i j k

w S w S
S S t

z

 
 

  
    

1 1

2 2
, , , , 1 , , , , 1

2 2
;

n n
n n

i j k i j k i j k i j kS S S S
t t

z z

 

    
     (12) 

– step 2 the third equation: 

1 11
, , 1 , , 1 , , , ,1 2

, , , ,

n n
n i j k i j k i j k i j kn

i j k i j k

w S w S
S S t

z

   
  


    

1 1

1 12 2
, , , , 1 , , , , 1

2 2

n n
n n

i j k i j k i j k i j kS S S S
t t

z z

 
 

    
    , (13) 

where ; .
2 2

w w w w
w w  

   

We solve the equation of activated sludge 

transfer from system (2) according to a similar fi-

nite-difference scheme. After solving the transfer 

equations for X and S, for each difference cell, we 

solve equations (3) – (4) using the Euler method. 

That is, we determine new  values of  the  substrate  
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and activated sludge concentration due to their bio-

logical interaction. Difference expressions have the 

form: 

 
, ,1

, , , , , , ;

n
i j kn n n

i j k i j k i j kS S dt X
Y




    

1
, , , , , , , ,

n n n n
i j k i j k i j k i j kX X dt X      

, , ;n
d i j kK X  

 
, ,

, , max

, ,

.

n
i j kn

i j k n
i j k s

S

S K
   


 

Next, in a new time step, we repeat the calcula-

tion of the change in the concentration of substrate 

and activated sludge in each difference cell due to 

their movement, diffusion and biological interac-

tion. 

To construct a local one-dimensional scheme 

for solving equation (5), we perform the following 

transformations. First, let us present this equation 

as: 

 
2 2 2

2 2 2
,

P P P P

t x y z

   
  

   
 (14) 

where t – fictitious time. 

Then, we split equation (14) as follows: 

 
2

2
;

P P

t x

 


 
 (15) 

 
2

2
;

P P

t y

 


 
 (16) 

 
2

2
.

P P

t z

 


 
 (17) 

The calculated dependencies (Richardson's 

method) for determining the unknown value  

P based on equation (15) have the form: 

1, , , ,1
, , , , 2

n n
i j k i j kn n

i j k i j k

P P
P P t

x




  


 

, , 1, ,

2
.

n n
i j k i j kP P

t
x

 



 (18) 

 

The calculated dependencies for determining 

the unknown value P based on equation (16) have 

the form: 

, 1, , ,1
, , , , 2

n n
i j k i j kn n

i j k i j k

P P
P P t

y




  


 

, , 1, ,

2
.

n n
i j k i j kP P

t
y

 



 (19) 

The calculated dependencies for determining 

the unknown value of Р based on equation (17) 

have the form: 

, , 1 , ,1
, , , , 2

n n
i j k i j kn n

i j k i j k

P P
P P t

z




  


 

, , , , 1

2
.

n n
i j k i j kP P

t
z

 



 (20) 

The calculation according to these dependen-

cies ends when the condition is met: 

 1
, , , ,
n n

i j k i j kP P    , (21) 

where ε – small number; n – iteration number. 

At the next stage we determine the flow veloci-

ty: 

 
1, , , ,i j k i j kP P

u
x

 



 , 

, 1, , ,i j k i j kP P
v

y

 



,  

 
, , 1 , ,i j k i j kP P

w
z

 



. 

FORTRAN was used to encode the difference 

equations. The BIO-3К code has been created. To 

use it, one needs to specify the following input da-

ta: 

– concentration of the substrate entering the 

bioreactor and its change over time; 

– concentration and consumption of activated 

sludge entering the bioreactor and its change over 

time; 

– dimensions of the bioreactor, its geometric 

shape; 

– values of Monod model parameters; 

– wastewater consumption; 

– values of diffusion coefficients. 
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BIO-3K code includes the following subrou-

tines: 

SLE3 – velocity potential calculation in the bi-

oreactor; 

SLE3 – velocity field calculation in the biore-

actor; 

SLМ33 – calculation of the substrate concen-

tration field in the bioreactor and its change over 

time; 

SLМ33 – calculation of the concentration field 

of activated sludge in the bioreactor and its change 

over time; 

SLМ33 – calculation of changes in the concen-

tration of substrate and activated sludge in the bio-

reactor according to the dependencies of the 

Monod model; 

SLEM5 – print of the modeling results. 

Result of this code is the concentration fields of 

the substrate and activated sludge in the bioreactor 

and the change of these fields over time. 

Findings 

The following are the results of solving the 

problem of evaluating the efficiency of a biological 

reactor for wastewater treatment based on the de-

veloped three-dimensional CFD model. The calcu-

lations are performed on the basis of the following 

input data: 

140 mg/linS   – the concentration of the sub-

strate (BODcomplete) entering the structure; 

dimensions of the bioreactor 15mx4mx4m; 
3( ) 1353 /sQ t m day  – wastewater consump-

tion; 
4 22 10 m /dayx y
    ; 

200 mg/linX   –concentration of activated 

sludge entering the reactor; 

max 1.04  ; 

100 mg/lsK  ; 

0.055 1/daydK   – coefficient that takes into 

account the death of microorganisms; 

0.55Y  . 

Initial condition: 140 mg/linS  , 

200 mg/linX   – concentration of substrate and 

activated sludge in the reactor for the moment of 

time t = 0. 

The following scenarios are considered: 

– scenario 1: the reactor operates without addi-

tional elements inside the building; 

– scenario 2: inside the reactor there are two 

solid plates (calculation area is multiconnected); 

– scenario 3: the reactor has three plates, but 

they have a gap. 

Initial condition: 360 mg/linS  , 

200 mg/linX  . We study the process of substrate 

destruction in the reactor over time according to 

the Monod model and taking into account mass 

transfer. 

It should be noted that the calculation of spatial 

flow in multiconnected domains is one of the most 

complex problems of hydrodynamics. 

Evaluation of the bioreactor performance is de-

termined by the substrate concentration at the reac-

tor outlet. Fig. 1–6 show the distribution of sub-

strate concentration in the bioreactor for all scenar-

ios, where each number indicates the concentration 

as a percentage of the maximum concentration in 

the calculation area (the time shown in the figures 

is dimensionless). The number 99 corresponds to 

the maximum value of the concentration in per-

cent. These values are printed in the INTEGER 

format, i.e. only the integer value of the real num-

ber is printed. For example, if at some point in the 

reactor the concentration is 61.95 %, then the 

number 61 is printed. Since the three-dimensional 

problem is being solved, the concentration is 

shown in different sections of the bioreactor, the 

time is dimensionless. 

 

Fig. 1. Distribution of substrate concentration  

in the bioreactor, cross section y = 2 m, t = 0.24  

(scenario 1) 
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Fig. 2. Distribution of substrate concentration in the 

bioreactor, cross section z = 2 m, t = 0.24 (scenario 1) 

 

Fig. 3. Distribution of substrate concentration in the 

bioreactor, cross section y = 2 m, t = 0.40 (scenario 1) 

 

Fig. 4. Distribution of substrate concentration in the 

bioreactor, cross section y = 2 m, t = 0.40 (scenario 2) 

The figures show that inside the reactor there is 

a significantly uneven distribution of the substrate 

concentration, i.e. the process of biological treat-

ment is uneven. The use of plates changes the con-

centration distribution in the structure, which af-

fects the performance of the reactor. 

To analyze the performance of the reactor Ta-

ble 1 shows the substrate concentration at the out-

let for the time t = 0.40. 

 

Fig. 5. Distribution of substrate concentration in the 

bioreactor, cross section z = 2 m, t = 0.40 (scenario 2) 

 

Fig. 6. Distribution of substrate concentration in the 

bioreactor, cross section y = 2 m, t = 0.40 (scenario 3) 

Table  1  

Average concentration of substrate  

at the reactor outlet 

Scenario 1 2 3 

Concentration 147 mg/l 128 mg/l 118 mg/l 

 

Analysis of data from table 1 shows that the use 

of plates makes it possible to increase the perfor-

mance of the biological reactor. That is, we have 

the opportunity to control the process of 

wastewater treatment in the bioreactor. 

Originality and practical value 

A three-dimensional CFD model has been de-

veloped to model the process of biological 

wastewater treatment in an aeration tank. The po-

tential motion model was used to calculate the flow 

velocity field in the aeration tank. The process of 
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substrate and activated sludge transfer was deter-

mined based on the mass transfer equation. The 

Monod model was used to calculate the biological 

treatment process. 

The constructed model can be used at the stage 

of sketch design of structures for wastewater 

treatment. 

 

 

Conclusions 

The article considers an efficient CFD model 

that allows you to quickly calculate the process of 

biological wastewater treatment in the aeration 

tank, in particular in the presence of additional 

plates in the middle of the reactor. To solve the 

problem, the fundamental equations of continuum 

dynamics are used. 

In the future, it is planned to develop a three-

dimensional CFD model based on the  

Navier–Stokes equations. 
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3D-МОДЕЛЮВАННЯ БІОЛОГІЧНОГО ОЧИЩЕННЯ СТІЧНИХ ВОД 

В АЕРОТЕНКУ 

Мета. Основною метою статті є розробка тривимірної CFD-моделі для моделювання процесу біологіч-

ного очищення стічних вод в аеротенку. Методика. Для математичного моделювання процесу біологічного 

очищення стічних вод у реакторі, з урахуванням гідродинаміки потоку, геометричної форми аеротенка,  

конвективно-дифузійного переносу субстрату та активного мулу, побудовано тривимірну CFD-модель.  

В основу моделі покладено тривимірне рівняння руху ідеальної рідини та рівняння збереження маси для 

субстрату й активного мулу. Поле швидкості потоку стічних вод в аеротенку розраховано на базі рівняння 

для потенціалу швидкості. Процес біологічного перетворення субстрату розраховано на базі моделі Monod. 

Для чисельного інтегрування рівнянь конвективно-дифузійного переносу активного мулу та субстрату ви-

користано схему розщеплення. Розщеплення здійснено так, щоб на кожному кроці враховувався перенос 

субстрату (активного мулу) лише в одному напрямку. Розрахунок невідомої величини концентрації субстра-

ту (активного мулу) виконано за явною схемою. Під час чисельного інтегрування тривимірного рівняння для 

потенціалу швидкості використано метод Річардсона, розрахунок невідомого значення потенціалу швидкос-

ті здійснено за явною формулою. Для чисельного інтегрування рівнянь, що описують процес трансформації 

субстрату та зміну концентрації активного мулу (модель Monod), використано метод Ейлера.  

Результати. Здійснено програмну реалізацію побудованої тривимірної CFD-моделі. Описано структуру ро-

зробленого пакету програм. Подано результати проведеного комп’ютерного експерименту з дослідження 

процесу очищення стічних вод в аеротенку з додатковими елементами. Наукова новизна. Розроблено нову 

багатофакторну тривимірну CFD-модель, що дозволяє швидко оцінити ефективність біологічного очищення 

стічних вод в аеротенку. Практична значимість. Побудована CFD-модель може бути використана для ана-
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лізу ефективності роботи аеротенку за різних умов експлуатації та на етапі ескізного проектування систем 

очищення стічних вод. 
Ключові слова: очищення води; біологічне очищення води; математичне моделювання; аеротенк; модель 

Monod 
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3D-МОДЕЛИРОВАНИЕ БИОЛОГИЧЕСКОЙ ОЧИСТКИ СТОЧНЫХ 

ВОД В АЭРОТЕНКЕ 

Цель. Основной целью статьи является разработка трёхмерной CFD-модели для моделирования процес-

са биологической очистки сточных вод в аэротенке. Методика. Для математического моделирования про-

цесса биологической очистки сточных вод в реакторе, с учетом гидродинамики потока, геометрической 

формы аэротенка, конвективно-диффузионного переноса субстрата и активного ила, построена трёхмерная 

CFD-модель. В основу модели положено трехмерное уравнение движения идеальной жидкости и уравнение 

сохранения массы для субстрата и активного ила. Поле скорости потока сточных вод в аэротенке рассчитано 

на базе уравнения для потенциала скорости. Процесс биологического превращения субстрата рассчитано на 

базе модели Monod. Для численного интегрирования уравнений конвективно-диффузионного переноса ак-

тивного ила и субстрата использована схема расщепления. Расщепление осуществлено так, чтобы на каждом 

шагу учитывался перенос субстрата (активного ила) только в одном направлении. Расчет неизвестной вели-

чины концентрации субстрата (активного ила) осуществлен по явной схеме. Для численного интегрирования 

трехмерного уравнения для потенциала скорости использован метод Ричардсона, расчет неизвестного зна-

чения потенциала скорости осуществлен по явной формуле. Для численного интегрирования уравнений, 

описывающих процесс трансформации субстрата и изменение концентрации активного ила (модель Monod), 

использован метод Эйлера. Результаты. Осуществлена программная реализация построенной трёхмерной 

CFD -модели. Описана структура разработанного пакета программ. Представлены результаты проведенного 

компьютерного эксперимента по исследованию процесса очистки сточных вод в аэротенке с дополнитель-

ными элементами. Научная новизна. Разработана новая многофакторная трёхмерная CFD-модель, 

позволяющая быстро оценить эффективность биологической очистки сточных вод в аэротенке. 

Практическая значимость. Построенная CFD-модель может быть использована для анализа эффективно-

сти работы аэротенка при различных условиях эксплуатации и на этапе эскизного проектирования систем 

очистки сточных вод. 
Ключевые слова: очистка воды; биологическая очистка воды; математическое моделирование; аэротенк; 

модель Monod 
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