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STABILITY OF MOTION OF RAILWAY VEHICLES DESCRIBED WITH 

LAGRANGE EQUATIONS OF THE FIRST KIND  

Purpose. The article aims to estimate the stability of the railway vehicle motion, whose oscillations are de-

scribed by Lagrange equations of the first kind under the assumption that there are no nonlinearities with discontinu-

ities of the right-hand sides. Methodology. The study is based on the Lyapunov’s stability method of linear approxima-

tion. The equations of motion are compiled in a matrix form. The creep forces are calculated in accordance with the 

Kalker linear theory. Sequential differentiations of the constraint equations reduced the equation system index from 2 

to 0. The coefficient matrix eigenvalues of the system obtained in such a way are found by means of the QR-algorithm. 

In accordance with Lyapunov's criterion of stability in the linear approximation, the motion is stable if the real part of 

all eigenvalues is negative. The presence of «superfluous» degrees of freedom, which the mechanical system does not 

have (in whose motion equations there are left only independent coordinates) is not trivial. Herewith the eigenvalues 

and eigenvectors correspond to these degrees of freedom and have no relation to the stability. In order to find a rule that 

allows excluding them, we considered several models of a bogie, with rigid and elastic constraints of high rigidity at 

the nodes. In the limiting case of high rigidities, the results for a system without rigid constraints must coincide with the 

results for a system with rigid constraints. Findings. We carried out the analysis and compared the frequencies (with 

decrements) and the vibration modes of a three-piece bogie with and without constraints. When analysing the stability 

of the system with constraints, only those eigenvalues are of interest whose eigenvectors do not break the constraints. 

The values of these numbers are limits for the eigenvalues of the system, in which rigid constraints are replaced by 

elastic elements of high rigidity, which allows us to leave the Lyapunov’s criterion unchanged. Originality consists in 

the adaptation of Lyapunov's stability method of linear approximation to the case when the equations of railway vehicle 

motion are written in the form of differential-algebraic Lagrange equations of the first kind. Practical value. This writ-

ten form of the equation of motion makes it possible to simplify the stability study by avoiding the selection of a set of 

independent generalized coordinates with the subsequent elimination of dependent ones and allows for the coefficient 

matrix calculation in an easily algorithmized way. Information on the vehicle stability is vitally important, since the 

truck design must necessarily exclude the loss of stability in the operational speed range. 
Keywords: railway vehicle; motion stability; differential-algebraic equations 

Introduction 

Studies on the railway vehicle motion stability 

have been under the spotlight since the 1950s. Loss 

of stability is accompanied by the emergence of 

large transverse forces that threaten the safety of 

movement, which prevents from operating cars at 

high speeds. Among the extensive literature devoted 

to this issue, we point out [1–14]. In accordance 

with modern concepts, loss of stability is a very 

complex phenomenon, which near the critical 

speeds is described by the subcritical Hopf bifurca-

tion. Up to a certain velocity v1 there is only one 

attractor corresponding to a straight-line motion, 

then a periodic attractor appears, while the original 

one remains and disappears at the velocity 𝑣2 > 𝑣1.

At high velocities, chaotic attractors may appear. 
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There may be cases when they occur already at the 

velocity 𝑣1 [5]. The following methods of motion 

stability analysis are used [15]: 

1) Linearization of the motion equations (Lya-

punov’s stability criterion of linear approximation 

[1]); 

2) Quasi-linearization; 

3) Galerkin-Urabe method [12, 13] (quasi-

linearization by several frequencies, a large 

amount of computational work is required); 

4) «Brute force» method, when one reduces the 

movement speed and waits for the auto-oscillations 

to disappear; to determine the unstable limit cycle, 

one gradually increases the disturbance range [14]; 

5) Trajectory tracing method (the motion is as-

sumed to be periodic, and the equation 𝑧(0)  =
 𝑧(𝑇) is solved; it is not suitable for the study of 

quasi-periodic and chaotic oscillations). 

Despite the obvious unsuitability to analyze the 

complex picture of the emergence and disappear-

ance of attractors, Lyapunov's stability criterion of 

linear approximation retains its attractiveness due 

to its simplicity and ability to do the main thing – 

to evaluate the critical velocity. It is formulated for 

the systems that describe ordinary differential 

equations. In the present paper we will extend it to 

the systems whose motion is defined by Lagrange 

differential-algebraic equations (DAE) of the first 

kind. Nowadays, due to the spread of standard in-

tegration programs (for example, DASSL), DAE 

are increasingly used in modeling railway vehicle 

oscillations, since they make it possible to do both 

without dependent generalized coordinates and 

without replacing rigid constraints between the car 

parts with high rigidity elastic elements. 

Purpose 

To estimate the stability of the railway vehicle 

motion, whose oscillations are described by La-

grange equations of the first kind under the assump-

tion that there are no nonlinearities with discontinui-

ties of the right-hand sides. 

Methodology 

The structure of the railway vehicle motion 

equations is as follows: 

 ( ) ( ) 0Mq B F q C K q     , (1) 

(without nonlinear and non-uniform terms describ-

ing the movement along a curve). Here q is the gen-

eralized coordinate vector; M is the inertial coeffi-

cient matrix; C, B are the rigidity and viscosity ma-

trices; K, F are the matrices describing the wheel-

rail interaction. Equation (1) is obtained if we re-

move the dependent generalized coordinates from 

the vector q using the equations of constraints. 

When applying the Lagrange equation of the I kind, 

another approach is used: instead of eliminating the 

elements of the vector q, they are all remained, the 

constraint equations are included in the full set of 

equations describing the system motion, and addi-

tional unknowns λ are introduced (in the amount 

equal to the number of constraint equations) so that 

all these equations can be solved. The result is the 

following system of equations: 

 ( ) ( ) 0TMq B F q C K q L λ      ; (2) 

 0Lq  . (3) 

The last expression is the equation of the con-

straints which the mechanical system is subject to. 

We will assume that the matrix L is constant (de-

pends neither on time nor on system phase coordi-

nates). The system of equations (2) and (3) is line-

ar, so its solution is: 

γ
j jp t

jj
j

q
C e

lλ

  
   

   
 , 

where the constants jC  are found from the initial 

conditions. The indices jp  together with nonzero 

eigenvectors γ j , jl  are solutions of the equation 

 

2 γ( ) ( )
0

T
jj j

j

Mp B F p C K L

lL

     
  

  
, (4) 

It is possible to understand whether motion is 

stable or not, by the sign of the real part of the val-

ues jp  – if there are positive numbers among them, 

the motion is stable. It is inconvenient to search for 

numbers jp , equating the determinant of the left 

matrix to zero. Instead, we reformulate the prob-

lem so that the indices jp  turn out to be eigenval-

ues of a certain matrix. From (2) it follows that 

 
1 1 1( ) ( ) Tq M B F q M C K q M L λ       

, 
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Multiplying the resulting expression by L and us-

ing the fact that
 0Lq  , we get 

 
   1 1 ( ) ( )TLM L λ LM B F q C K q     

. 

The matrix 1 TLM L  is non-degenerate (if the con-

straint coefficient matrix L has less rows than col-

umns, and the rank is equal to the number of rows, 

which we assume), therefore 

 
   

1
1 1 ( ) ( )Tλ LM L LM B F q C K q


     

. 

Substituting this expression into the original equa-

tion, we get 

 
1 1( ) ( )q QM B F q QM C K q      ; 

  
1

1 1T TQ 1 M L LM L L


   . 

Thus, the vector of phase coordinates  
T

q q  

satisfies the differential equation 

 
q qd

A
q qdt

   
   

   
; 

 

1 1( ) ( )

1

QM B F QM C K
A

     
  
 

. 

The eigenvectors of the matrix A, corresponding to 

the eigenvalues jp , has the form  γ γ
T

j j jp . Let 

us consider how they are related to the eigenvalues 

and eigenvectors of the original system with con-

straints, that is, if they satisfy the equation (4) with 

a suitable choice of the vector of Lagrange multi-

pliers jl . We will need an obvious correlation

0LQ  . Multiplying the left expression by L  

2 1 ( ) ( )j j j jp γ QM B F p C K γ        ,     (5) 

we will get 
2 0j jp Lγ  . 

Therefore, for nonzero jp  the vector γ j  satisfies 

the constraint equation
 

0jLγ  . Equation (4) is 

easy to rewrite as 

2 ( ) ( )j jMp B F p C K        

 
1

1 2 0T T
j jL LM L Lp γ


 

. 

Thus, with nonzero
 jp  the vectors

 
γ j  satisfy the 

equation (4) with 

 
 

1
1 2T

j j jl LM L Lp γ


 
. 

It is not clear whether the vectors 𝛾𝑗 satisfy the 

equation (4) for 0jp  , but, since these solutions 

correspond to constant processes that are of no in-

terest, we will not deal with them. 

Thus, the stability condition of the system with 

constraints is as follows: 

 
 , 0 Re 0j jj p p  

,  

where jp  are eigenvalues of matrix A. 

Let us apply the above theory to the study of 

stability, natural frequencies and vibration modes 

of a simplified mechanical system consisting of 

half a car body and a 3-piece bogie, on which it 

rests (Fig. 1). 

 

 

Fig. 1. 3 – piece bogie 
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We consider the motion only in the horizontal 

plane. The system consists of (half) the body with 

a bolster, two side frames and two wheel sets. The 

body and the bolster are connected by a hinge in 

the center plate arrangement, the bolster with side 

frames and the side frames with wheel sets – by 

elastic elements that prevent relative translational 

movements in the longitudinal and transverse di-

rections, as well as relative angular movements of 

hunting of the interacting bodies. 

There are no dissipative elements in the system. 

The degrees of freedom are listed in Table 1. x, y, 

  indicate small movements of recoiling, swaying 

and hunting, for wheel sets the coordinate   is 

chosen so that ( )  is a small deviation of the 

angular velocity of wheel set rotation relative to its 

axis from the value /V r  (V is the car velocity, r is 

the wheel radius), corresponding to the undisturbed 

motion. 

Table 1  

Degrees of freedom and generalized coordinates 

Body Degrees of freedom 
Generalized 

coordinates 

Body with bolster (bd)x , (bd)y , (bl)  1q , 2q , 3q  

Left side frame ( 1j  ) (sf )
1x , (sf )

1y , (sf )
1  4q , 5q , 6q  

Right side frame ( 2j  ) (sf )
2x , (sf )

2y , (sf )
2  8q , 9q , 10q  

First wheel set ( 1m  ) (ws)
1x , (ws)

1y , (ws)
1 , (ws)

1  11q , …, 13q  

Second wheel set ( 2m  ) (ws)
2x , (ws)

2y , (ws)
2 , (ws)

2  14q , …, 17q  

We will be interested in how the frequencies 

and forms of oscillations of the system without 

constraints (SF) and systems, whose displacement 

is subject to the following restrictions, correlate: 

SCX – it is prohibited to move the bolster rela-

tive to the side frames (in the spring suspension 

openings) in the longitudinal direction; 

SAJ – it is prohibited to move the pedestal 

openings of the side frames relative to the wheel 

set axle journals (side frames are pivotally con-

nected to the wheel sets). 

As for system parameters, the meaning of the 

notation for rigidity coefficients and basic dimen-

sions is clear from Figure 1: the letters m, I with 

corresponding indices denote the masses and cen-

tral moments of body inertia, the coefficients in the 

expressions for the interaction forces are explained 

below, the capital letters X, Y,   denote the force 

components and the system body interaction force 

moments. Without giving a complete derivation of 

the expressions for the matrices M, L, etc, let us 

dwell only on certain points that may be of me-

thodical interest. The elements of the matrix C are 

coefficients for the products of generalized coordi-

nates and their variations in the expression for the 

virtual work of forces in elastic elements 

 (el) TA q Cq   . (6) 

Let us consider the contribution 
(b)C  to the ma-

trix C from the elastic elements that are in axle 

boxes. The components of the displacement of the 

side frame pedestal opening relative to the wheel 

set axle box are combined into a vector  

 
 (b) (b) (b) (b)

T

mj mj mj mjr x y 
. 

They are linear combinations of the generalized 

coordinates 

  (b) (sf ) (ws) (ws)
mj j m mx x x Js    , 

  (b) (sf ) (sf ) (ws)
1mj j j my y Ml y   , 

 
(b) (sf ) (ws)
mj j m    , 

This means that it is possible to choose such matri-

ces 
(b)
mjD  with constant coefficients that 

 
(b) (b)
mj mjr D q . 
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The force components in the elastic element are 

proportional to the vector
 

(b)
mjr , 

(b) (b) (b)
1mj mjF C r  ,  

(b)

(b) (b)
1

(b)

x

y

z

C

C C

C

 
 

  
  
 

 

The virtual work of the forces 
(б)

mjF  is equal to 

 (el, b) (b) (b)

,

T
mj mjm j

A r F   . (7) 

Comparing the expressions (6) and (7), we get: 
(b) (b) (b)

1,

T
mj mjm j

C D C D   (contributions from other 

elastic elements). 

In order to prohibit linear movements of the 

pedestal openings of the side frames relative to 

wheel set axle boxes, it is necessary to require the 

fulfillment of the conditions: 

 
(b) 0mjx 

,   
(b) 0mjy 

. 

There are 8 rows in the L matrix, which we get 

by writing the first two rows of each matrix under 

each other. Thus, the compilation of a system of 

equations describing the motion of a mechanical 

system with constraints does not practically require 

additional calculations – in our case, the matrices 
(b)
mjD  were written out at the stage of working with 

the system without constraints. 

The wheel-rail interaction is described by 

Kalker linear theory [16 par. 2.2.2] with the fol-

lowing simplifications: 

1) spin is neglected; 

2) the coefficients 11c , 22c  for the longitudinal 

and transverse directions are considered equal to 

3.90. 

The expression for longitudinal sliding addi-

tionally contains terms proportional to the veloci-

ties
 

(ws)
mx , (ws)

m . 

 

(ws) (ws) (ws) (ws)
m m m m

xmj

x r Js ny
J

V r

 


 
 

, 

The expression for transverse sliding retains the 

usual look 

 

( )
( )

ws
wsm

ymj m

y

V
  

. 

Findings 

Let us consider the results of the calculation of 

the eigenvalues and eigenvectors describing the 3–

piеce bogie oscillations. Our goal is to understand 

how the eigenvalues and eigenvectors of SF system 

with constraints and SCX and SAJ systems without 

constraints are related. We expect that the results for 

SF with (b)
xC  , 

(b)
yC   will tend to the re-

sults for SAJ, and the results for SF with
 

(b)
xC   

– to the results for SCX. The subject of the study 

will be the confirmation of this expectation and a 

detailed description of the limiting transition nature. 

The eigenvalues of the matrix 𝐴 for the SF and 

SAJ systems are listed in Table 2. The system pa-

rameters correspond to the 4-axle car loaded up to 

deadweight capacity on 18–100 bogies (with an axle 

load of 23.5 tf). The motion speed 100V   km/h. 

The eigenvalues were ordered by the QR algo-

rithm, so they can be compared only by values. 

Even without analyzing the eigenvectors, it is clear 

that the numbers with 9,  11,  14j  of the SAJ sys-

tem are the limits for the eigenvalues
 

25,  27,  29j   of the SAF system. It seems plau-

sible to assume that large negative numbers of one 

system go into large negative numbers of the other 

system, both systems have five such numbers, but 

the correspondence between them is not obvious. It 

is not quite clear which of the numbers of the SF 

system goes into the number 6.29 335i   of the 

SAJ system. The numbers 9,  ,  24j  of SF, ex-

cept for one pair, apparently correspond to the side 

frame oscillations on the high rigidity elastic ele-

ments in the axle boxes, since these numbers have 

a large imaginary component. 

The study of eigenvectors confirms the conclu-

sions made and allows for some refinements. Let 

us consider the SAJ system with hinges in axle 

boxes. Equations of constraints do not violate the 

first 15 eigenvectors: 

1, 2) non-physical solutions, which appeared 

due to the fact that there are no variables (ws)
m  in 

the equations of motion, there are only their 

derivatives; 

3, 4, 13) extremely rapidly decaying solutions 

describing the motion of wheel sets against 

pseudo-slip forces (for example, bogie swaying 

without hunting); 

97



ISSN 2307–3489 (Print), ІSSN 2307–6666 (Online) 

Наука та прогрес транспорту. Вісник Дніпропетровського  

національного університету залізничного транспорту, 2018, № 5 (77) 

 

РУХОМИЙ СКЛАД ЗАЛІЗНИЦЬ І ТЯГА ПОЇЗДІВ 

doi: 10.15802/stp2018/148023 © A. G. Reidemeister, S. I. Levytska, 2018 

5, 6)  bolster hunting oscillations; 

7, 8) the same as 3, 4 – rotation of the wheel 

sets about their axis without longitudinal 

displacement; 

9, 10) body swaying oscillations (wheel sets 

also have swaying and hunting oscillations, but the 

ratio of amplitude values   and y is less by about 

20% than Klingel solution provides); 

11, 12) joint oscillations of the wheel set 

swaying and hunting (amplitude of body 

oscillations is less than with the forms 9 and 10); 

14, 15)  bogie oscillations under the body in the 

longitudinal direction (spring suspension sets are 

deformed in the longitudinal direction). 

Table 2  

Eigenvalues for systems SF, SAJ, and SCX 

j jp , 1/с j jp , 1/с 

SF SAJ 

1, 2 0 1, 2 0 

3 –1800 3 –990 

4 –1640 4 –1140 

5, 6 –5610 5, 6 –6.29±335i 

7 –1790 7 –5040 

8 –1650 8 –3900 

9, 10 –56.5±585i 9, 10 –2.33±17.3i 

11, 12 –38.2±554i 11, 12 1.24±11.9i 

13, 14 –11.9±314i 13 –1440 

15, 16 –34.1±874i 14, 15 –0.21±91.1i 

17, 18 ±857i 16, …, 34 0 

19, 20 –3.64±638i SAJ + SCX 

21, 22 ±542i 1, 2 0 

23, 24 –3.89±315i 3 –4000 

25, 26 –2.31±17.1i 4 –3900 

27, 28 1.25±11.9i 5 –891 

29, 30 –0.21±88.6i 6 –1440 

31 –148 7 –1440 

32, 33 0 8, 9 –2.33±17.,3i 

34 –1.14 10, 11 1.24±11.9i 

  12, …, 34 0 

For all these vectors, one can find the corre-

sponding eigenvectors of the SF system with close 

values of the components. Some vectors jγ  are 

shown in Table 3. The vectors
 13γ , 27γ  for a bogie 

without constraints, with large rigidity of elastic 

elements in the axle boxes are almost coincide with 

the vectors
 5γ , 11γ  for a bogie with hinges in box-

es. The vector 9γ  (SF) describes the longitudinal 

oscillations of the side frames relative to the wheel 

sets, which is incompatible with the constraints to 

which the SAJ system is subordinate, and it is im-

possible to find a corresponding vector among the 
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eigenvectors of the latter. The bogie movement is 

unstable, the eigenvalues 27p  (SF) and 11p  (SAJ) 

have a positive real part. Wheel sets perform self-

oscillations of hunting and swaying (the ratio be-

tween the amplitudes y and   is as in the Klingel 

solution), and the body swaying is twice as large as 

wheel set swaying. Figure 2 shows how the com-

ponents of the corresponding eigenvector change 

as rigidity changes
 

( ) (b) (b)b
x yC C С  . 

 

Fig. 2. The principal mode of unstable motion 

Table 3  

Components of eigenvectors jγ  

Compo-  SF SAJ 

nent  
9j 

 
13j 

 
27j 

 
5j 

 
11j 

 

 
 


  
arg

  


  
arg

  


  
arg

  


  
arg

  


  
arg

 

(bd)x  
          

(bd)y      0.67 –1.47   0.67 –1.47 

(bl)  0.30 1.19 0.98 –1.61 0.13 0.42 1.00 –1.59 0.13 0.40 

(sf )
1x   0.65 –1.67 0.13 –2.15 0.13 0.42 0.04 2.82 0.14 0.40 

(sf )
1y   0.06 –2.82   0.34 –1.26   0.34 –1.26 

(sf )
1            

(sf )
2x   0.65 1.47 0.13 0.99 0.13 –2.73 0.04 –0.33 0.14 –2.74 

(sf )
2y   0.06 –2.82   0.34 –1.26   0.34 –1.26 

(sf )
2            

(ws)
1x             

(ws)
1y   0.02 1.29   0.33 –1.25   0.34 –1.26 

 

99



ISSN 2307–3489 (Print), ІSSN 2307–6666 (Online) 

Наука та прогрес транспорту. Вісник Дніпропетровського  

національного університету залізничного транспорту, 2018, № 5 (77) 

 

РУХОМИЙ СКЛАД ЗАЛІЗНИЦЬ І ТЯГА ПОЇЗДІВ 

doi: 10.15802/stp2018/148023 © A. G. Reidemeister, S. I. Levytska, 2018 

Cont inuation of  the  tab le  3  

Compo-  SF SAJ 

nent  
9j 

 
13j 

 
27j 

 
5j 

 
11j 

 

 
 


  
arg

  


  
arg

  


  
arg

  


  
arg

  


  
arg

 

(ws)
1  

  

          

(ws)
1  0.16 2.88 0.06 2.80 0.13 0.42 0.04 2.82 0.13 0.40 

(ws)
2x             

(ws)
2y   0.02 1.29   0.33 –1.25   0.34 –1.26 

(ws)
2             

(ws)
2  0.16 2.88 0.06 2.80 0.13 0.42 0.04 2.82 0.13 0.40 

 

If a rigid longitudinal constraint in the spring 

suspension is added to the hinges in the axle box 

(Table 2, column SAJ + SCX), then the oscillation 

patterns 5, 6, 14, 15 in the SAJ system, which are 

accompanied by deformations of the spring groups 

in the longitudinal direction will disappear and 

four more eigenvectors, corresponding to zero ei-

genvalues and violating equations of constraints, 

will be. Other eigenvalues will change slightly. 

Originality and practical value 

Originality consists in the adaptation of Lya-

punov's stability method of linear approximation to 

the case when the equations of railway vehicle mo-

tion are written in the form of differential-algebraic 

Lagrange equations of the first kind. This written 

form of the equation of motion makes it possible to 

simplify the stability study by avoiding the selec-

tion of a set of independent generalized coordi-

nates with the subsequent elimination of dependent 

ones and allows for the coefficient matrix calcula-

tion in an easily algorithmized way. Information on 

the vehicle stability is vitally important, since the 

truck design must necessarily exclude the loss of 

stability in the operational speed range. 

Conclusions 

1. An effective method for studying the stabil-

ity of railway vehicle motion, described by the La-

grange equations of the first kind, has been pro-

posed. Stability criterion – the real numbers of ex-

ponential functions that satisfy the equations of 

motion – should not be greater than zero. The indi-

cators themselves can be found as eigenvalues of a 

certain matrix A, depending on the matrices of 

physical parameters M, B, F, C, K and the matrix of 

constraint coefficients L, using the QR algorithm 

[2, chapter 4]. 

2. The eigenvectors of this matrix, correspond-

ing to nonzero eigenvalues, satisfy the equations of 

constraints. The advantage of the proposed method 

is the easy algorithmization of the motion equation 

derivation (no need to choose independent general-

ized coordinates). 
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СТІЙКІСТЬ РУХУ ЗАЛІЗНИЧНИХ ЕКІПАЖІВ, ЯКИЙ ОПИСУЮТЬ 

РІВНЯННЯ ЛАГРАНЖА I РОДУ 

Мета. У статті необхідно оцінити стійкість руху залізничних екіпажів, коливання яких описані рівнян-

нями Лагранжа I роду, в припущенні, що відсутні нелінійності з розривами правих частин. Методика. За 

основу прийнято метод дослідження стійкості руху Ляпунова за лінійним наближенням. Рівняння руху 

складено в матричній формі. Сили кріпа обчислені у відповідності з лінійної теорією Калкера. Послідовни-

ми диференціюваннями рівнянь зв’язків індекс системи рівнянь знижений з 2 до 0. Власні числа матриці 

коефіцієнтів отриманої таким чином системи знайдені за допомогою QR-алгоритму. Відповідно до критерію 

Ляпунова про стійкість за лінійним наближенням рух стійкий, якщо у всіх власних чисел дійсна частина 
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негативна. Нетривіальним є наявність «зайвих» ступенів свободи, яких немає у механічної системи (в її рів-

няннях руху залишили тільки незалежні координати). Цим ступеням свободи відповідають власні числа і 

власні вектори, що не мають відношення до стійкості. Щоб знайти правило, що дозволяє їх виключити, ми 

розглянули кілька моделей візків, із жорсткими і пружними зв’язками великої жорсткості у вузлах. У грани-

чному випадку великих жорсткостей результати для системи без жорстких зв’язків повинні співпасти з ре-

зультатами для системи з жорсткими зв’язками. Результати. Проведено аналіз і зіставлені частоти (з декре-

ментом) і форми коливань 3-елементного візка зі зв’язками і без них. При аналізі стійкості системи зі 

зв’язками становлять інтерес тільки ті власні числа, власні вектори яких не порушують зв’язків. Значення 

цих чисел є межами для власних чисел системи, в якій жорсткі зв’язки замінені пружними елементами вели-

кої жорсткості, що дозволяє залишити критерій Ляпунова незмінним. Наукова новизна полягає в адаптації 

методу дослідження стійкості руху Ляпунова за лінійним наближенням до випадку, коли рівняння руху залі-

зничних екіпажів записані в формі диференційно-алгебраїчних рівнянь Лагранжа I роду. Практична зна-

чимість. Зазначена форма запису рівняння руху дозволяє спростити дослідження стійкості за рахунок від-

мови від виділення безлічі незалежних узагальнених координат із наступним виключенням залежних і допу-

скає обчислення матриці коефіцієнтів легко алгоритмізованим способом. Інформація про стійкість екіпажів 

украй важлива, оскільки конструкція ходових частин повинна в обов’язковому порядку виключати втрату 

стійкості в експлуатаційному діапазоні швидкостей. 
Ключові слова: залізничний екіпаж; стійкість руху; диференційно-алгебраїчні рівняння 
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УСТОЙЧИВОСТЬ ДВИЖЕНИЯ ЖЕЛЕЗНОДОРОЖНЫХ ЭКИПАЖЕЙ, 

ОПИСЫВАЕМОГО УРАВНЕНИЯМИ ЛАГРАНЖА I РОДА 

Цель. В статье необходимо оценить устойчивость движения железнодорожных экипажей, колебания ко-

торых описаны уравнениями Лагранжа I рода, в предположении, что отсутствуют нелинейности с разрыва-

ми правых частей. Методика. За основу принят метод исследования устойчивости движения Ляпунова по 

линейному приближению. Уравнения движения составлены в матричной форме. Силы крипа вычислены 

в соответствии с линейной теорией Калкера. Последовательными дифференцированиями уравнений связей 

индекс системы уравнений понижен с 2 до 0. Собственные числа матрицы коэффициентов полученной та-

ким образом системы найдены с помощью QR–алгоритма. В соответствии с критерием Ляпунова об устой-

чивости по линейному приближению движение устойчиво, если у всех собственных чисел действительная 

часть отрицательна. Нетривиальным является наличие «лишних» степеней свободы, которых нет у механи-

ческой системы (в ее уравнениях движения оставили только независимые координаты). Этим степеням сво-

боды соответствуют собственные числа и собственные векторы, к устойчивости отношения не имеющие. 

Чтобы найти правило, позволяющее их исключить, мы рассмотрели несколько моделей тележки, с жесткими 

и упругими связями большой жесткости в узлах. В предельном случае больших жесткостей результаты для 

системы без жестких связей должны совпасть с результатами для системы с жесткими связями. 

Результаты. Проведен анализ и сопоставлены частоты (с декрементами) и формы колебаний 3–элементной 

тележки со связями и без них. При анализе устойчивости системы со связями представляют интерес только 

те собственные числа, собственные векторы которых не нарушают связей. Значения этих чисел являются 

пределами для собственных чисел системы, в которой жесткие связи заменены упругими элементами боль-

шой жесткости, что позволяет оставить критерий Ляпунова неизменным. Научная новизна состоит в адап-

тации метода исследования устойчивости движения Ляпунова по линейному приближению к случаю, когда 

уравнения движения железнодорожных экипажей записаны в форме дифференциально-алгебраических 

уравнений Лагранжа I рода. Практическая значимость. Указанная форма записи уравнения движения поз-

воляет упростить исследование устойчивости за счет отказа от выделения множества независимых обоб-

щенных координат с последующим исключением зависимых и допускает вычисление матрицы коэффици-
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ентов легко алгоритмизируемым способом. Информация об устойчивости экипажей крайне важна, посколь-

ку конструкция ходовых частей должна в обязательном порядке исключать потерю устойчивости в эксплуа-

тационном диапазоне скоростей. 
Ключевые слова: железнодорожный экипаж; устойчивость движения; дифференциально-алгебраические 

уравнения 
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