
 !" 531.3 

 .  . !"# $%, &.'.(., )*+,-..+*, /012/ (/3*45(4); 
 .  .!"# $%, 3.'.(. &+6-(', 7882 (/3*45(4); 
2.  . !"# $%, 4..., 7882 (/3*45(4) 

"#$%&'()*((+& ,$%')-+ # (&.)(&/(*/ !)($,)"& 

0"*'*0%(+1 %'$(02*'%(+1 0)0%&,

94:-&-(+ .5.'-;< =+'5*>+? 3:4'-*(@+((5? ;4'*56> &AB )+&4((B +.(+:(5? C4A-D(+.'-E '-+*@F 3@(6-:+G+ 

)+:+*+'<, 3@(-;4'535 E (-A@(@E(+F &5(4;@35 4.5;-'*5=(+G+ ':-*&+G+ '@A4 : '*5:5;@*(+;< )*+.'+*@. H4.'+.<-

:4:I5 *@:(B((B < ,+*;@ $EA-*4-J4G*4(D4 E .5.'-;< =+'5*>+? 3:4'-*(@+((5? ;4'*56>, )+K<&+:4(4 KA+=(+-

;4'*5=(4 ;+&-A> (-A@(@E(+F &5(4;@35 :@A>(+G+ 4.5;-'*5=(+G+ ':-*&+G+ '@A4 : '*5:5;@*(+;< )*+.'+*@. L&--
*D4(@ *-C<A>'4'5 4)*+K+:4(@. H4)*+)+(+:4(@ 4AG+*5';5 K-C)+.-*-&(>+ 4&4)'+:4(@ &+ +K=5.AM:4A>(+G+ -3.-
)-*5;-('<. 

N*5:-&-(4 .5.'-;4 =-'O*-? 3:4'-*(5+((O? ;4'*56 &AB )*-&.'4:A-(5B +.(+:(O? C4:5.5;+.'-E '-+*55 

3+(-=(+G+ )+:+*+'4, 35(-;4'535 5 (-A5(-E(+E &5(4;535 4.5;;-'*5=(+G+ ':-*&+G+ '-A4 : '*-?;-*(+; )*+-

.'*4(.':-. N*5;-(5: <*4:(-(5B : ,+*;- PEA-*4-J4G*4(D4 5 .5.'-;< =-'O*-? 3:4'-*(5+((O? ;4'*56, )+-

.'*+-(4 KA+=(+-;4'*5=(4B ;+&-A> (-A5(-E(+E &5(4;535 .:+K+&(+G+ 4.5;;-'*5=(+G+ ':-*&+G+ '-A4 : '*-?-

;-*(+; )*+.'*4(.':-. N+A<=-((O- *-C<A>'4'O 4)*+K5*+:4(O. N*-&A+D-((O- 4AG+*5';O (-)+.*-&.':-((+ 

4&4)'5*+:4(O 3 :O=5.A5'-A>(+;< Q3.)-*5;-('<. 

The system of four quaternion matrices for presentation of main relationships of the theory of final rotation, 

kinematics and nonlinear dynamics of an asymmetric solid body in a three-dimensional space is presented. By 

means of application of equations in the form of Euler-Lagrange and the system of four quaternion matrices, the 

block-matrix model of nonlinear dynamics of a free asymmetric solid body in a three-dimensional space is built. The 

results obtained are approved. The offered algorithms are adapted directly to computing experiment. 

#3454674.   7(-)*+)-'*+:.3- <.5A5B;5 

:O&4MR5?.B <=-(O? 5 3+(.'*<3'+*+:  
S. !. T(G-AB,  . #. J4C4*B(4,  . U. V<&(534,  
9. W. 0-*4.M'O KOA .+C&4( ;+R(OE (4<=(+-

'-?(5=-.35E )+'-(654A .)+.+K(OE *-I4'> 
.A+D(O- C4&4=5 '*4(.)+*'(O? .5.'-; *4CA5=-

(+G+ (4C(4=-(5B (- 5;-MR5? 4(4A+G+: : ;5*+-

:+E )*43'53-: *43-'-(+.5'-A-E ("9), K+-:O? 

D-A-C(+&+*+D(O? *43-'(O? 3+;)A-3.+: 

(VX"!), :O.+3+.3+*+.'(+G+ (4C-;(+G+ '*4(.-
)+*'4 ( U92) [6, 17, 31]. U5A4;5 (4<=(O? 

I3+A )+ &5(4;53- 5 <)*4:A-(5M &:5D-(5-;, 

*<3+:+&5;O?  .#. J4C4*B(+;, 9.W. 0-*4.M'+E, 

5 :3AM=4MR5? 5C:-.'(O? (O(- <=-(O? $. N. 

VA+?5(4, J. S. !+*+'-(34,  . W. /I34A+:4, 
Y. . 7-;5(4, 0. 8. V+G+;4C4, U.  . SB;A5(4, 
9. S. 14=4)<*5&C-, 4 '43D- #. #. !*4.+:.3+G+, 

8. S. 8G&4A+:4, Y. 7. Z-)'<(4, #.N. #A)4'+:4 
5 &*. 3+'+*O;5 *4C*4K4'O:4A5.> +*5G5(4A>(O- 
;-'+&O 5..A-&+:4(5E '*4(.)+*'(O? .5.'-; (4 
+.(+:- (4'<*(O? 5 :O=5.A5'-A>(O? Q3.)-*5-

;-('+: [2, 11, 12, 19, 25]. N*5 Q'+; K+A>I+- 
:(5;4(5- <&-ABA+.> +*G4(5C4655 5 )*+:-&-(5M 

;4'-;4'5=-.3+G+ ;+&-A5*+:4(5B &5(4;535, 

<.'+E=5:+.'5, <)*4:AB-;+.'5 &:5D-(5-;. 2-?-

(+A+G5B )*+:-&-(5B :O=5.A5'-A>(O? Q3.)-*5-

;-('+: )+&(5;4A4.> (4 (+:OE <*+:-(> )+ ;-*- 

.+:-*I-(.':+:4(5B :O=5.A5'-A>(+E '-?(535 

[5, 23], 5 &+.'5GA+ :O.+3+E .'-)-(5 *4C:5'5B 
KA4G+&4*B (4<=(O; I3+A4;, +K[-&5(5:I5; 

<.5A5B 5(D-(-*+:, ;-?4(53+:, ;4'-;4'53+: 

)*5 *4C*4K+'3- 5 )+.'*+-(55 ;4'-;4'5=-.35? 

;+&-A-E, 4&-3:4'(O? '-?(5=-.35; C4&4=4; &5-

(4;535 .A+D(O? ;-?4(5=-.35? .5.'-;, :3AM-

=4B Q35)4D5 .3+*+.'(+G+ (4C-;(+G+ '*4(.)+*-

'4. 
1. #897:;7<4;=68> ?@:A4B7C46<.  O-

=5.A5'-A>(OE Q3.)-*5;-(' 5G*4-' :-&<R<M 

*+A> )*5 *-I-(55 C4&4= &5(4;5=-.3+G+ )*+-3-

'5*+:4(5B '-?(5=-.35? .5.'-; [6, 12, 13, 17, 19, 

21, 27, 31]. S-'+&+A+G5B :O=5.A5'-A>(+G+ Q3.-
)-*5;-('4 C4A+D-(4 : '*<&4? 0A<I3+:4  . S. 

[5], S+5.--:4 9. 9. [23] 5 &*.  4D(O;5 B:AB-
M'.B *4C*4K+'35 +'&-A>(O? Q'4)+: '-?(+A+G5-

=-.3+G+ 653A4 :O=5.A5'-A>(+G+ Q3.)-*5;-('4: 
– )+.'*+-(5- ;4'-;4'5=-.35? ;+&-A-E 

4&-3:4'(O? ,5C5=-.35; )*+6-..4; : '-?(5=--
.35? .5.'-;4?, :+C;+D(+.'> 5? <(5,534655 5 

;+&5,534655; 

– .+.'4:A-(5- 3+;)43'(O? :O=5.A5'-A>-
(O? 4AG+*5';+: 5 .++':-'.':<MR5? Q,,-3'5:-
(O? :O=5.A5'-A>(O? )*+G*4;;, :+C;+D(+.'> 
5? )*+.'+E 5 KO.'*+E :-*5,534655. 
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2. ,D<4CD<794:@DE CF54;=. N*5 *4C*4-
K+'3- ;4'-;4'5=-.35? ;+&-A-E 5.)+A>C<M'.B 
*4CA5=(O- ;-'+&O ;-?4(535 5 ;4'-;4'5=-.35E 

4))4*4' [3, 7, 8, 10, 11, 21, 27, 30, 33]. 94<=(4B 
I3+A4, :+CGA4:AB-;4B 434&-;53+;  . #. J4C4-
*B(+; &AB )+.'*+-(5B ;4'-;4'5=-.35? ;+&-A-E 

&5(4;535 D-A-C(+&+*+D(O? Q35)4D-E, I5*+3+ 

5.)+A>C<-' <*4:(-(5B J4G*4(D4 :'+*+G+ *+&4 : 
+K+KR-((O? 3++*&5(4'4?. 74A>(-EI-- *4C:5-

'5- Q'+G+ (4<=(+G+ (4)*4:A-(5B .:BC4(+ . )+-

5.3+; 6-A-.++K*4C(+E ,+*;O )*-&.'4:A-(5B 
;4'-;4'5=-.35? ;+&-A-E 4&4)'5*+:4((O? 3 

.+:*-;-((+E :O=5.A5'-A>(+E '-?(53-. 7AB 
Q'+E 6-A5 5.)+A>C<M'.B &5,,-*-(654A>(O- 
<*4:(-(5B &:5D-(5B : ,+*;- PEA-*4-
J4G*4(D4, 3+'+*O- : C(4=5'-A>(+E ;-*- +KA-G-
=4M' )*+6-.. )+.'*+-(5B ;4'-;4'5=-.35? ;+-

&-A-E 5 )+C:+ABM' )+A<=5'> .5;;-'*5=(<M 5 

K+A-- )*+.'<M .'*<3'<*< Q'5? <*4:(-(5E )*5 

.*4:(-(55 . '*4&565+((O;5 <*4:(-(5B;5 8. 

9>M'+(4 (3++*&5(4'(OE ;-'+&), X. J4G*4(D4 
(;-'+& +K+KR-((O? 3++*&5(4') [10, 28]. %-(-

'*4A>(O; QA-;-('+; '43+E 3+(6-)655 B:AB-'.B 
.5;;-'*5B [36], )+(5;4-;4B )+ 0.  -EAM 343 

<)+*B&+=-((+.'>, .+:-*I-(.':+ [4]. #. 8. J<-

*>- +K*4R4-' :(5;4(5- (4 &5,,-*-(654A>(O- 
<*4:(-(5B &:5D-(5B : ,+*;- PEA-*4-J4G*4(D4 
5 :O.+3+ +6-(5:4-' 5? :+C;+D(+.'5 &AB 5..A--
&+:4(5E &5(4;535 G+A+(+;(O? 5 (-G+A+(+;-

(O? .5.'-; ':-*&O? '-A [20]. 

U?-;4'5=(+ (-A5(-E(O- <*4:(-(5B &:5-

D-(5B .:+K+&(+G+ ':-*&+G+ '-A4 : )*+.'*4(.':- 
: ,+*;- PEA-*4\J4G*4(D4 C4)5.O:4M'.B : :5-

&-: 

 
k
yi

k
yi

k
i

Q

M
T  !)(" , (1) 

G&- )(Ti"  # QEA-*+: +)-*4'+*, k
iy

k
iy QM ,  # )*5-

:-&-((O- 3 ;4..- im  +K+KR-((O- ;+;-('O 5 

.5AO, )*5A+D-((O- 3 i -;< ':-*&+;<  '-A<.   

Q'5? <*4:(-(5B? : 34=-.':- )-*-;-((O? 5('-G-
*5*+:4(5B )*5(5;4M'.B 3:4C5.3+*+.'5. S4'-
*5=(O- .+.'4:ABMR5- +K+KR-((O? .5A : <*4:-
(-(5B? &:5D-(5B PEA-*4-J4G*4(D4 +)*-&-AB-
M'.B 5C:-.'(O; ;-'+&+; [20] 343 ;(+D5'-A5 

)*5 :4*5465B? 3:4C53++*&5(4' : :O*4D-(55 

QA-;-('4*(+E *4K+'O. N*5:-&-((O- <*4:(-(5B 
PEA-*4-J4G*4(D4 )+A+D-(O : +.(+:< ;4'-;4-
'5=-.35? ;+&-A-E, 5.)+A>C<-;O? : :O=5.A5-

'-A>(O? Q3.)-*5;-('4? : )*+6-..- &5(4;5=--
.3+G+ )*+-3'5*+:4(5B .A+D(O? '*4(.)+*'(O? 

.5.'-;. 

3. 2F:<D6F3@D GD5D9 576DC794:@FHF ABF-

4@<7BF3D67E <BD6:AFB<68I :7:<4C. "4..;4'-

*5:4M'.B &:- +K+KR-((O- )+.'4(+:35 C4&4=5 

&5(4;5=-.3+G+ )*+-3'5*+:4(5B '*4(.)+*'(O? 

.5.'-;: 

\ '*4&565+((4B, +.(+:(4B C4&4=4 ;-?4(535 

&:5D-(5B, I5*+3+ 5.)+A>C<-;4B )*5;-(5'-A>-
(+ 3 A-'4'-A>(O; 4))4*4'4; [6, 12, 19], 

\ +K*4'(4B C4&4=4 ;-?4(535 &:5D-(5B, 6--
A-.++K*4C(+.'> *-I-(5B 3+'+*+E )*5;-(5'-A>-
(+ 3 .3+*+.'(O; Q35)4D4; D-A-C(+&+*+D(+G+ 

'*4(.)+*'4 +K+.(+:O:4-'.B : *4K+'4? [13, 26]. 

2*4&565+((4B )+.'4(+:34 C4&4= &5(4;5=--
.3+G+ )*+-3'5*+:4(5B A-'4'-A>(O? 4))4*4'+: 
.:+&5'.B 3 .A-&<MR-;<: C4&4(O ?4*43'-*5.'5-

35 A-'4'-A>(+G+ 4))4*4'4, .5.'-;4 .5A 5 ;+-

;-('+: :+C&-E.':<MR5- (4 +K[-3', :3AM=4B 
<)*4:ABMR5-; (4?+&B'.B 35(-;4'5=-.35- )4-
*4;-'*O &:5D-(5B, : =4.'(+.'5, '*4-3'+*5B 
)+A-'4. L';-'5; C&-.>, ='+ <)*4:ABMR5- .5AO 

5 ;+;-('O ,+*;5*<M'.B . )+;+R>M, '43 (4CO-

:4-;+E, 5(-*654A>(+E 5C;-*5'-A>(+E .5.'-;O 

[8]. 

LK*4'(O- C4&4=5 &5(4;5=-.3+G+ )*+-3'5-

*+:4(5B -.'-.':-((+ 5 A+G5=(+ ,+*;<A5*<M'.B 
&AB .3+*+.'(O? Q35)4D-E D-A-C(+&+*+D(+G+ 

'*4(.)+*'4, 5 5? +K+KR-((4B )+.'4(+:34 .:+-

&5'.B 3 .A-&<MR-;<: C4&4(4 '*4-3'+*5B &:5D--
(5B \ *-4A>(OE D-A-C(+&+*+D(OE )<'>, 
5;-MR5E 3*5:5C(< : )A4(- 5 )*+,5A-, A+34A>-
(O- (-*+:(+.'5 5 '.)., :(-I(5- :+C&-E.':5B, 
5(-*65+((O- 5 G-+;-'*5=-.35- )4*4;-'*O 

Q35)4D4; (4?+&5'.B &5(4;5=-.34B (4G*<D-(-

(+.'> )<'5, QA-;-('+: 3+(.'*<3655, .++':-'.'-
:<MR4B C4&4((+;< *-D5;< &:5D-(5B .3+*+.'-
(+G+ Q35)4D4 )+ *-4A>(+;< D-A-C(+&+*+D(+;< 

)<'5. H&-.> )+A4G4-'.B, ='+ 35(-;4'5=-.35- 
)4*4;-'*O &:5D-(5B 5, : =4.'(+.'5, '*4-3'+*5B 
&:5D-(5B +'.A-D5:4-'.B . )+;+R>M 5(-*65-

4A>(+E 5C;-*5'-A>(+E .5.'-;O '+E 5A5 5(+E 

5C:-.'(+E .?-;O. 

4. ,D<4CD<794:@7> DAADBD<. 7AB *-I--
(5B )+.'4:A-((O? +K+KR-((O? C4&4= &5(4;5-

35, *4CA5=(O- (4<=(O- I3+AO *4C:5:4M' +*5-

G5(4A>(O- ;4'-;4'5=-.35- ;-'+&O +)5.4(5B 
35(-;4'535 5 &5(4;535 ':-*&O? '-A, G&- (4*B-
&< . '*4&565+((O; :-3'+*(O; 5.=5.A-(5-; 

[16, 29] I5*+3+ 5.)+A>C<-'.B ;4'*5=(+- [33], 

'-(C+*(+- 5.=5.A-(5- [10, 11], 4AG-K*4 3:4'-*-

(5+(+: 5 G5)-*3+;)A-3.(O? =5.-A [3, 7, 8, 27], 

3:4'-*(5+((O- ;4'*56O [1, 15, 22, 27, 30, 34, 

36]. N*43'5=-.34B *-4A5C465B (4 P S )+.'*+-

-((O? ;4'-;4'5=-.35? ;+&-A-E )*5:+&5' 3 (--
+K?+&5;+.'5 ::-&-(5B 3+(3*-'(O? .5.'-; +'-
.=-'4, 5(&-3.(O? +K+C(4=-(5E, 5.3+;O? )-*--
;-((O? 5 )*5;-(-(5B .++':-'.':<MR-G+ ;4'--
;4'5=-.3+G+ 4))4*4'4 ;4'*5=(+G+ 5A5 '-(C+*-
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(+G+ 5.=5.A-(5B. U )*5;-(-(5-; ;4'*5=(O? 

;-'+&+: .:BCO:4M'.B '435- )*-5;<R-.':4, 343 

:+C;+D(+.'> (-)+.*-&.':-((+E 5 &+.'4'+=(+ 

)*+.'+E *-4A5C4655 .+.'4:A-((O? 4AG+*5';+: 
(4 P S, 3+;)43'(+.'> C4)5.5 5 +K+C*5;+.'> 
:O=5.A5'-A>(+G+ 4AG+*5';4, .(5D-(5- '*<&+-

-;3+.'5 .+.'4:A-(5B 5 '-.'5*+:4(5B )*+G*4;;, 

<;-(>I-(5- :-*+B'(+.'5 +I5K+3 [11, 13, 24, 

26, 32, 33]. N+ +6-(3- #. S. J-'+:4 [18] 6-A--
.++K*4C(+.'> )*5:-&-(5B <*4:(-(5E 3 ;4'*5=-

(+E ,+*;- +)*-&-AB-'.B «(- '+A>3+ .++K*4D--
(5B;5 ;4'-;4'5=-.3+G+ 5CBR-.':4, &+.'5G4--
;+G+ C&-.> ::-&-(5-; .5;;-'*5=(+E 5 3+;-

)43'(+E C4)5.5, (+ 5 .<R-.':+; &-A4». 

!43 :5&5'.B 4:'+*4; &4A>(-EI-- .+:-*-

I-(.':+:4(5- ;-'+&+: +)5.4(5B 35(-;4'535 5 

(-A5(-E(+E &5(4;535 : '*-?;-*(+; )*+.'*4(-

.':- 4..5;-'*5=(O? ':-*&O? '-A :+C;+D(+ (4 
+.(+:- )*5;-(-(5B .+:+3<)(+.'5 =-'O*-? 3:4-
'-*(5+((O? ;4'*56, &+.'4'+=(O? &AB *4..;4'-
*5:4-;+G+ 3*<G4 C4&4= ;-?4(535 5 (4)*4:A-(-

(O? (4 4&4)'465M ;4'-;4'5=-.35? ;+&-A-E 

'-?(5=-.35? +K[-3'+: 3 :O=5.A5'-A>(+;< Q3.-
)-*5;-('<. 

5. "3D<4B67F6684 CD<B7J8. N*5 5CA+-

D-(55 )*5(65)+: .5;;-'*55 : ,5C53- [36], : 
'-+*55 3+(-=(+G+ )+:+*+'4 ':-*&+G+ '-A4 [29], 

)*5 *-I-(55 C4&4= (4:5G4655 5 <)*4:A-(5B 
+*5-('465-E [3, 7, 8, 15, 27, 31] +34C4A+.> <&+K-

(O; )*5;-(B'> 4AG-K*< 3:4'-*(5+(+: 5 G5)-*-

3+;)A-3.(O? =5.-A. !:4'-*(5+(< .+)+.'4:AB-
-'.B 3:4&*4'(4B (4$4)-;4'*564, (4CO:4-;4B 
3:4'-*(5+((+E [1, 22, 35]. 95D- )*5:+&B'.B 
+K+C(4=-(5B .+:+3<)(+.'5 =-'O*-? <(5,565-

*+:4((O? 3:4'-*(5+((O? ;4'*56, +KA4&4MR5? 

<)+*B&+=-((+E .'*<3'<*+E [14]: 
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&:- 5C 3+'+*O? A , 
tA  Q3:5:4A-('(O 3:4'-*-

(5+(< 5 &:- t tA , 
tA  \ .+)*BD-((+;< 3:4'-*-

(5+(<. H4&4=4 C43AM=4-'.B : )*-&.'4:A-(55 

Q'5;5 3:4'-*(5+((O;5 ;4'*564;5 +.(+:(O? 

C4:5.5;+.'-E '-+*55 3+(-=(+G+ )+:+*+'4, 35-

(-;4'535 5 (-A5(-E(+E &5(4;535 : '*-?;-*-

(+; )*+.'*4(.':- &AB 4..5;-'*5=(+G+ ':-*&+G+ 

'-A4 : :5&-, <&+K(+; &AB .5;:+A>(O? 5 4(4A5-

'5=-.35? )*-+K*4C+:4(5E )*5 .+.'4:A-(55 ;4-
'-;4'5=-.35? ;+&-A-E. 

6. 0;FK4674 @F64968I AF3FBF<F3.  N+-

.A-&+:4'-A>(+.'> 3+(-=(O? )+:+*+'+: ':-*&+-

G+ '-A4 : )*+.'*4(.':- <&+K(+ +)5.4'> .+:+-

3<)(+.'>M )4*4;-'*+: "+&*5G4–04;5A>'+(4 
[20]: 

 

0 cos ,
2

k
ka

%
!  

1 1 sin ,
2

k
k ka n

%
!  

2 2 sin ,
2

k
k ka n

%
!  

 & '3 3 sin , 1,2,3,
2

k
k ka n k n

%
! !    (3) 

G&- k-E 3+(-=(OE )+:+*+' +.<R-.':AB-'.B (4 
<G+A k%  :+3*<G (4)*4:A-((+E +.5 :*4R-(5B, 

?4*43'-*5C<-;+E -&5(5=(O; :-3'+*+; 

1 2 3( , , )k k k kn n n n . 

H4&4((O; )4*4;-'*4; "+&*5G4–
04;5A>'+(4 .+)+.'4:5; .+:+3<)(+.'> =-'O*-? 

3:4'-*(5+((O? ;4'*56 , , ,t t t t

k k k kA A A A . 2+G&4 

3:4'-*(5+((O- ;4'*56O *-C<A>'5*<MR-G+ )+-
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